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Preface

The purpose of this study was to develop a computer
code which would validate the use of the Boundary Element
Method (BEM)> in problems of fracture mechanics. Specifi-
cally, I used the Displacement Discontinuity Method (devel-
oped by Stephen L. Crouch) to solve several fracture
configurations.

Originally, I modified the code only slightly in order
to solve problems involving isotropic materials. Having
obtained results for those cases, I then modified the code
even further to include specially orthotropic materials
(such as 0° and 90° composite laminates).

For introducing me to the concepts of the BEM, and
especially for his patience and understanding during these
past several months, I thank my faculty advisor, Dr. Anthony
Palazotto. For coming up with the displacement disconti-
nuity solution for an orthotropic material, 1 give credit to
divine intervention. Perhaps most. importantly, for helping
to break the tension which seemed to build to new levels
each week, 1 am grateful for the presence of all the regular

participants in “Friday at the Flywright.”

Ralph E. Urch
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Abstract

This investigation presents analyses of several frac-
ture mechanics problems via the Boundary Element Method.
Specifically, an indirect procedure known as the Displacement
Discontinuity Method was used to solve problems involving
cracks in isotropic or specially orthotropic materials.
Infinlit,e as well as finite regions were considered.

A series of configurations were analyzed and compared
with either analytic solutions or results from a finite
element model. Agreement for the infinite-domain problems
wvas excellent., while solutions to the finite-domain problems
ranged from vgood to excellent.

Advantag.es and disadvantages of the Displacement Dis-
continuity Method are briefly discussed. The main advantage
of the method is the requirement to model only the boundary
of the problem under consideration. The major disadvantage
is the time required to solve the resulting fully-populated
mat.rix equation.

Separate FORTRAN codes are provided as appendices for
the two material types — isotropic and orthotropic. These
programs may be utilized for either stress or fracture
analyses. Program outputs include displacements, stresses,

e
and stress intensity factors, as appropriate. | |

i \\ [t
{
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VALIDATION OF THE BOUNDARY ELEMENT METHOD APPLIED TO COMPLEX

FRACTURE MECHANICS CONDITIONS

I. Introduction

In analyzing aircraft structures, a mathematical model
is usually developed which involves an approximate represen~
tation of the physical component under consideration. The
most common methods discretize the structure into a manage-
able number of smaller elements for which a mathematical
solution iz available. These methods may be divided into
two groups (see Figure 1.1) based upon whether the entire
domain or just the boundary is modeled.

The most common domain technique is the Finite Element
Method (FEM), “which is a piecewise variation to minimize
the total potential energy” (11:1) of the system. Another
example is the Finite Difference Method, in which the
differential equations of the system are approximated by
finite differences (Newton forward difference, backward
difference, central difference, etc.). In all cases, the
domain techniques are characterized by an approximation of
the system partial differential equations. The boundary
conditions, however, are satisfied exactly. (See Cook (3

and Desai (9).)
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STRUCTURAL ANALYSIS
T

)

1
DOMAIN TECHNIQUES

BOUNDARY TECHNIQUES
1

| 1
[FINDFF| [ FEM

[ -1
DIRECT INDIRECT

BIE | |FSM IDDM

Ditt. Egs. Approximeted
B.C.s Satistied

Dift. Eqs. Satisfied
B.C.s Approximated

Figure 1.1. Numerical Methods of Structural Analysis

On the other hand, boundary techniques approximate the
boundary conditions of the problem but they exactly satisfy
the system partial differential equations. These methods
can be further classified into direct or indirect methods,
according to whether the boundary parameters are solved for
directly or from some other system parameters (2:2).

The most common direct boundary element technique is
the Boundary Integral Equation (BIE), or Boundary Element
Method (BEM). This involves combining the problem at hand
with another (for which the solution is known) in such a way
that, when the strain energy of the system is integrated
over the volume, Green’s formula may be used to translate

the volume integral into integrals involving only the

1-2




boundary of the problem. Applying the required boundary
conditions then yields the solution. (See, for example,
Rizzo (16), Snyder and Cruse (21>, Fenner (10), Rizzo and
Shippy (17>, Cruse (8>, Okada et al (14>, Shi and Bezine
<19, and Shih and Palazotto <(20).

A lesser-known direct method, called the Fictitious
Stress Method (FSM), discretizes the boundary into a number
of straight. line segments over which the traction is assumed
constant.. As will be shown later, it is related to the
indirect method chosen for this study — the Displacement
Discontinuity Method (DDM> — both of which are presented by
Crouch and Starfield (7).

The DDM is well-suited to problems in fracture
mechanics because it uses as its basic element. a line crack.
That is, each element is considered to be composed of two
surfaces which are coincident along a line segment. By a
Jjudicious selection of the definitions of each element,
problems involving cracks in a finite or in an infinite body
may be solved.

Begides being able to provide solutions to problems
involving infinite domains, the boundary techniques have an
advantage over the domain techniques due to the requirement
to model only the boundary. This reduction of order of the
problem is especially useful considering that fewer elements
Cand therefore fewer degrees of freedom) must be used to

solve a given problem.

1-3




There are drawbacks, however. The domain techniques
are able to take full advantage of efficient, banded-matrix
solution routines. The boundary techniques, on the other
hand, produce fully=populated matrices, which increases the
computational time required for a given number of degrees of
freedom. Thus, there is a trade-off between both techniques
in problems requiring a large number of elements.

Nevertheless, a boundary element technique —
specifically, the Displacement. Discontinuity Method — was
used in this study and its use in problems of fracture
mechanice validated. First, a general outline of the method
is presented, followed by its use for an isotropic material.
Next, application of the DDM to problems involving a
specially orthotropic material i demonstrated. For both
cases, stress analysis and fracture mechanics applications
are reviewed. Finally, some of the advantages and
disadvantages of the DDM are briefly discussed.

Included as appendices are the two FORTRAN programs
used in this study. The first program (TWODD — Appendix C)
was extracted directly from Crouch and Starfield (7:293-300)
for the analysis of an isotropic material. This program was
modified only slightly to include computation of stress
intensity factors. The second program (TWODDO — Appendix
D) is a modification of the former to incorporate a

specially orthotropic material.
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II. Theoretical Discussion

The DDM involves the concept of a displacement discon-
tinuity along a line crack, which may be imagined “as a line
crack whose opposing surfaces have been displaced relative
to one another.” (7:79) The DDM uses the special case where
the relative displacements are constant along the entire
crack. In reality, the relative displacements vary over the
entire length of the crack; however, if the line crack is
discretized into a sufficient number of smaller line cracks
(elements), the displacements will be approximately constant
over the length of each element. The solution obtained by
superposition of the displacement fields of all the elements
will then represent the true solution ‘with sufficient accu-
racy. This is the basis of the DDM.

If a series of line cracks in an infinite plane are
Jjoined end-to-end to form a closed contour, two regions are
formed. The interior region may be used to obtain the solu-
tion to a problem involving finite dimensionality, while the
exterior region may be used to represent a cavity in an
infinite body.

As will be seen later, the DDM involves the solution of
a system of equations which are determined by specifying

either (i) the tractions on each element, (ii> the displace-
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ments of one of the surfaces of each element, or (iii) a

combination of the two.

A. The Method

The Displacement. Discontinuity Method is characterized
by use of the solution to a line crack in an infinite plate
where the two surfaces of the crack have a constant. displacement
with respect to one another (Figure 2.1>. The displacement
field for an arbitrarily oriented crack (element) is
obtained from this solution via coordinate transformation.

For two or more eluvments, linear superposition is used
by alternately considering only one element. to have a dis-
placement. discontinuity present (i.e. — the displacements
are considered continuous at the other element locations).
The sum of each of these displacements then yields the dis-
placement due to the presence of all the elements, assuming
of course that the material is linearly elastic.

By applying appropriate boundary conditions, a linear
system of equations is formed. Solution of this system for
the relative displacements at. each element then allows
determination of the displacements and stresses at each
element. The stresses and displacements at other points in
the body can be obtained based on these same relative sur-
face displacements.

The procedure may be divided into the following 11

steps:




N

i
7

>

L °
negative

positive

Requirement.:
Displacements are continuous everywhere
except across the crack.

Normal: u; - u+ - Dn = constant

Shear: u - u =D = constant
s -] s

Figure 2.1. Line Crack in an Infinite Plate

(1> Use the solution to the problem of a constant displace
ment discontinuity along a line segment (crack) in an infi-

nite plate, which takes the following form:

um fRP D+ f R D 2.1
u= £, R D+ £ R D 22>
2-3




«i

o__= f‘i(’i,)_r) Ds + f"_’()—t,?) Dn 2.4

T__= fsiﬁ“(,?) Ds + f57(§’9> Dn 2.3

X/
i

where X, ¥y Cor 8, n) is the local coordinate system (see
Figure 2.2>, the functions fti and f'\? depend only upon the
local coordinates and the length of the crack, and Ds and Dn
are the shear and normal displacement discontinuities,
respectively. That is, Ds is a (displacement) discontinuity
in the X-direction while Dn is a discontinuity in the

y-direction such that

D = u: - ut- u- - u+ 2.6>
-] % ] 8 8

D = u: - u.: - u- - u+ 2.7
n y y n n

yA
7\ positive surfaco/ x
s

| — — — — —
I
|

negative surface l

|
- >
Jx x

Figure 2.2. Coordinate Systems for a Single Element




where the superscripts “+” and “~"” refer to the positive and

negative surfaces, respectively, of the crack.

(2> Use coordinate transformation to relate the local coor-
dinates (X, y> to the global coordinates (x, y) for an arbi-

trary rotation (ja) and translation (jx, jy) as depicted in

Figure 2.2:
% = (x - % cos B8 + <y - Jy> sin 8 <2.8>
y = -(x - jx) sin "B + (y - jy) cos Jﬁ 2.9
u = u_ cos "3 - u_ sin jB 2100
x x b4
u = u_ sin "ﬁ 4+ u_ cos "3 2.110
Y x y
2 j J 2 ]
o = o _cos B-T1__ 8in 28 % coc__ sin” B 2.12>
37 X Xy Yy
o = o__ sin2 13 + 7v__ sin 2’8 + o__ t:os2 ’B 213
Yy X Xy Yy

T - <a§i - OVV) sin "ﬁ cos JB + Ti? (cosz Jﬁ - sin2 Jﬁ)
214
(3> Consider a series of N line cracks (elements) joined
end-to~end (Figure 2.3>. Determine the effect on the ith
element of displacement discontinuities at the jth element.
Because the displacements and stresses prescribed at each
element are specified in the local coordinate directions of
the element, t.ranst‘orm the above equations to the ith

element’s local system (X’, ¥’):

i i i
+ .
u, = u cos 8 u sin g A%
i i i
- 1 + 2.16O>
u,, = -u sin 8 u, cos 8 <2.16
‘o._=mo cos’'g+r sin2'p+o sin®'p 247
x°% xx xy Yy
2-5




Figure 2.3. Series of N Line Cracks Joined End-to-End

L 2 i i 2 i
- in 28 + o8 .18

55 = “xx ein” B8 Ty ein 2°8 %y c 8

v 2 \.a - ’mz \,a)

219

J U
T__ = ~C(o = o ) ein ‘ﬁ cos g + 1 (coe
Xy’ *xx Yy xy

(4> Note that the displacements .‘ui' and i'uv, and the
stresses ‘o and "‘ri,v, are equivalent to the local shear

¥y

and normal displacements and stresses at the ith element:




S G & O B B N O &= e

us - u,_" 2.200
v 1

up = 2.21>
L |8

O = Too €2.22>
‘o = ‘o_ _ 2.23>

n Yy’

(5> Use the above four steps to express the effect of dis-
placement discontinuities J-Ds and an at the jth element on
the displacement.s and stresses at the center of the ith

element.:

tu = u cos i'ﬁ + u sin -‘B 2.24>
s x y

i i i
u = u sin B + uy cos 8B €2.25>
i v L 24 2\
o, = (axx oryy) s8in B cos g8 + 'rxy <cos” 8 sin” 8>

€2.26)
o = o sin® i'B -7 sin 2‘3 + o cos2 iB Q.27
n x% xy Yy

where subscripts “x" and “y” refer to the global coordinate

directions, and

u = u_ cos "a - uv gin JB
- £,;%9'D_cos g + £,5<%9’'D_cos g

- £,.%.9>'D_sin g - fzy(ii)jbncin g

8

= = i _ S = ighi
= [f"?(x,y) cos B fﬁ(x,y) sin 3] D
- ip o igli
+ [fn_'(x,y) cos B f29<§,9) sin 3] D, Q.28

2-7




X X

Yy

u,_‘ gin "B + \.ly cosg JB

f

1

%, 9D Goin '8+ f, (i,?)jbnsin ig
+ f (x y) D cos B + f2§(§,§)jbncos "B

[ TP sin B+ £ (R, cos j3]’1)5

+ [ _(X,¥) sin ﬁ + f (x,y) cos 3] n

2

. j 2
4 cos B - tv__ sin Z’B + o__ gin
xy yy

‘s

J = =<J 2 j

B8 + _fs)_,(x,y) Dncos B

_ o oy iag o o479 i
fﬁ(x,y) Dssin 2°B fs)_'(x,y) Dnsin 2°B

- 2 i, ., = =J 2 )
+ f4§(x,y) Dssin B f47(x,y) Dnsin B
[fﬁ(:-c,v)cosz ig - £y %, P>sin 278

- = 2 ) ] - 2 ]
+ f“_‘(x,y)sin B] Ds + f39< »¥Jcos B

_ - = j = = 2 j1i
fsy_(x,y)sin 2°B + f‘i(x,y)sin B] Dn

2 2

i + in 278 + .
4 8in 8 Tiv sin 8 099 cos 8

¥ %
= =i 2 = S84 2
fai(x,y) Desin B + fav(x,y) Dnsin 8
N ig & s ©5? b}
+ fsi(x,y) Dssin 2°B _fs)_’(x,y) Dnsin 2°'B
= s 2 j o o8 2 )
+ f"_‘(x,y) Dscos g + f‘v(x,y) Dncos 8
= = 2 j = = J
[fai(x,y)sin B8 + fm.‘(x,y)sin 2°B
+ f _<x,9cos® ‘glip + |5 _x.9281n® g
ex 8 37

. Lo 2 i 13
+ £, %,$dein alp + £ o5 <R>¥da0e ’p]’nn

2.29

€2.30>

€3.31>




3 & & O N Gn S B e s

b 4]
xi

xy

= [_f3§<§,?>’bs + fwc,—«,y)’on - f4§<§,9)jl)s

- = oy J J % oyl
f‘9<x,y) Dn s8in '8 cos g + [fm_‘(x,y) Ds

+ fss_,(:—c,?)jl)n ccos® g - sin? ‘g

- {[fs’_((i,?) - f‘;((i,?)] sin jB cos jﬁ

+ £, (%, P>Ccos’ ‘g - sin® ’3)}’])
% o5 - e S i i

+ {[fav(x,y) f‘y(x,y)] sin "B cos '8

+ j59(§,§>(cosz jB - sin? J.B)}‘iD

n

- J i 2 | 2 j
T = (o o__) sin c + -
5y B cos B T;; (cos 8- sin B

2.32>

By properly defining a new set of functions fm and

f'w’ the global displacements and stresses can be written in

the form

while, by using Eqs (2.24) through (2.27>, the local dis-

placements and stresses take the following form:

c
]

c
]

= = Jad = = Jand
- fqu,y, 8> Ds + fly<x,y. B> Dn

= f, %3,'8D_ + £,V D

- £, RVOD, + £ ®F D

- £, &7\, + f&F'BOD

= £, F.'OD_ + f,ycﬁ,v,’afbn

ij < = o
B, %.7,'8>'D_
”Bm(§,9,"e>’l>’
ij = iy
A g TP B)’D'

“Amm,v ,’a>’b.

2-9

ij = = igyd
+ asn<x,y,a>’bn
+ "Bmca-«,;,’m’nn
+ ""A‘n(ﬁ,y,’a)’bn

+ “Amcﬁ,v,‘m‘bn

€2.33

234>
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2.38)

2.39

<2.40>

2.41>




i) L) % ,
where ''B ’ ‘B » e A are referred to as influence
8s sn nn

coefficients.

(6> Compute the total effect at the ith element as the sum

of the effects of all N elements:

N N

"us = E ”BSS"DS + g ”Bsn’bn €2.42>
i=1 i=1
N N

‘un - § ”Bm’Ds + ”Bm"Dn 2.43)
i=1 i=1
N N

‘as - E ”Ass"Ds + § ”Asn’Dn 2.44>
1=1 =1
N N

‘an - é ”Ans’bs + "Am‘bn €2.45)

j=1 J=1

(7> Determine the effect of the ith element on itself
Celement self-effectsd by computing the influence coeffi-
cients for the case that i = j and X = ¥y = 0. The result is
that all of the stress influence coefficients C'A ’s) are
single-valued, but that some of the displacement influence

coefficients <“B ’e) are dual-valued. Namely,

‘9 ea''p =3 forym=o €2.46>
e nn 2

The discontinuous nature of “’Bs and “Bnn does not

S
cause complications, however, if a direction of travel is
chosen consistently when defining the boundary of a problem.

Referring to Figure 2.4, Crouch and Starfield (7:64~-63)

2-10
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I INTERIOR

Direction of trave. shown is for an exterior
problem (cavity in an infinite plane).

Figure 2.4. Defining the Boundary of a Problem

state that

the values of coefficients [ B_,) and [ B_) depend

upon the way in which curve C’ is approached....

Curves C, and C’ can be regarded as the boundaries of

the interior and exterior regions, respectively, of

curve C’... [(If] we traverse curve C’ in the

clockwise sense .. then the negative side of the curve
defines the boundary of the interior region. We can
therefore avojd having to. Juse different. values for the
coefficients [“'B__1 and ['B__1] if we agree always to
traverse the bo&ghary in 8&2& a way that the outward
normal points away from the region of interest.
Accordingly, we adopt the following convention: The
boundary of a finite body is traversed in the clochwise
sense, whereas the boundary of a cavity is traversed in
the counterclockwise sense. This convention leads to
some simplification in comPutor preramm!ng because it
means that coefficients (‘*'B__] and (‘'B_ ] are equal

to + 1/2 for both types of ﬁgoblems. nn
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(8> Choose the equations appropriate for the prescribed
boundary conditions of the problem. The boundary conditions

at each element can be grouped into four categories:

<1d Las and "an are prescribed

Gid Lus and ‘u_ are prescribed
adiid _tus and i'o' are prescribed

or v tas and ‘u_ are prescribed.

Thus, a system of 2N equations is formed:

N N
b om E Ue p o+ E Yie p i=1,2,.N Q2.47>
s S8 S sSsn n
)= i=
N N

‘b = 5 Yie p +§ Yie Ip i =1,2,.N €2.48)>
n ns s nn n

where

1 v
b = "o or u
s

8 s n n

i 1 i i v j i)

I = ‘la or 'B Ie = A or B
S8 ss 88 ns ns

i) Lj i v ] v

e = “p or ''B e = ‘A or B 2.49
sn sn sn nn nn nn

as appropriate.

(9> Solve the system of 2N equat#ons for the 2N unknowns <N
unknown jl)s + N unknown jbn = 2N unknowne) using direct
Gaussian elimination. Because of the diagonal dominance of
the matrix, no pivoting is required to ensure an accurate

result.

2~12




(10> Compute the displacements and stresses at each element

using

N N
L= 1j ) 1) J
u_ = E B__'D_ + § B_ D 250>
= i=1
N N
‘u_ = E Y p_ «+ E “p_p 251>
n ne s
j=1 j=1
N N
‘o = § YA D 5 Ha p 252>
s sSSs S sn
J=1 J=1
N N
‘o = g “a D+ E Ya p 253>
n S nn n
)=1 j=1
e
‘u = 'y - 'D 254>
a8 8 s
e
' ‘u ='u -'p 255>
n n n

{11) Compute displacements and stresses at other points in

the body using

N N
A 2.5 gy ! } 2 o.lgy I
Ye " / f, 9.8 D_ + £, %8> D €2.56>
i=1 i=1
N N
2 < g igy J } ooy J
uy - fz,((x.v)’» B> DS + fzy(x.Y» 8> Dn 257>
j=1 J=1
N N
= o igay o G iay J
o™ fsx(x,y, B> Ds + fsy(x,y, 8> Dn 258>
j=1 i=1
N N
o = § f &y.8 D+ E £ &%y,8 D 289>
Yy 4% 8 4y n
i=1 i=1
2~13
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N
Ty ™ > £, &y,'8> b + E o, %98 b €2.60>

=1 =1

where

X = (x - '% cos B+ <y - y> sin g 2.61>

v = =Cx - ‘x> sin B + ¢y - Jy> cos g €2.62>

and (jx,jy) are the midpoint coordinates of the jth element.

B. Computer Implementation

The DDM lends itself to being programmed into a comput-
er with ease due to the modular nature of the procedure.
Appendix C provides a listing of the FORTRAN code for pro=
gram TWODD, along with an explanation of the input deck.
First.,, the material properties and symmetry conditions are
defined. Next, as the boundary conditions of the problem
are input, the system of equations is set up. Then, the
system is solved using direct Gaussian elimination. The
stresses and displacements at each boundary element are then
computed, followed by displacement.s and stresses at any
other points of interest. Other features d(inclusion of a
title, initializing counters for loops, etc.) are added
where appropriate.

For an isotropic material, the only material properties
required for input are Young’s modulus (E)> and Poisson’s

ratio (vJ). The shear modulus (G) is computed from these by
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1 E
G-§1+v 2.63>

For an orthotropic material B‘, Ez’ ze’ and L must be
input.

If symmetry of geometry and loading exist in the
problem, they may be incorporated to reduce the number of
unknowns in the matrix equation. For example, suppose x = O
is a line of symmetry (Figure 2.5). Then the conditions at

element 2 are determined by those at element 1:

o = + 10 o =+ 10 <2.64)>

n s n
21  — — — | ly—-— 12
..
|
|
| |
| |
- 18 1’( x’

Figure 2.3. Line of Symmetry
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In place of the original system of equations,

11 1 12 2

1 11 1 12 2
u = c D 4+ "¢ D + "¢ D + "¢ D 2.65>
8 88 8 s8 s sn n sSn n
11 12 2 11 1
1u - c 1D + c D + "¢ D + 12¢': zD 2.66>
n ns s ns s nn n nn n
2 21 1 22 2 21 1 22 2
u = D <+ D + "¢ D + c D 2.67>
s ss s ss s sn n sSn n
2 21 t 22 2 21 1 22 2
u = c D + c D + "¢ D + "¢ D 268>
n ns s ns s nn n nn n

a new system of equations may be formed:

1 11 1 12 2 11 1 12 2

u = ‘c D + ¢ D + "¢ D + "¢ D 2.69>
- 88 8 Ss S SN n sn n
ta = Mo p 4B 3p Mg p 4 2 3p €2.70>
n ns s ns S nn n nn n
) =-1p 2.71>
8 8
D =+ €2.72>
n n

By substituting the last two equations into the first two,":

these may be rewritten as

11 12 1 11 12 1

u = (¢ - c J>XD_ <+ (C'c + c DD 2.73>
8 s8s sSs S sSn sSn n
la = e - %2 Hlp o+ e o+ ¥ ) 2.74>
n ns ns 8 nn nn n
2 = -1p Q2.75>
8 8
b =+ Q2.76>
n n

Now, instead of solving four equations in four unknowns
<‘D‘, ‘Dn, zoe, ’Dn,>, only the first two equations in two
unknowns must be solved. The conditions at element 2 are
then computed from the last two equations. Thus, applica-
tion of symmetry cuts in half the size of the matrix equa-
tion. If two lines of symmetry exist, then the size of the

matrix equation is reduced by a factor of four.
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In order to solve problems involving infinite domains
with a remotely applied stress, changes in displacement and
stress are considered. This is done by adjusting the bound-
ary conditions of each element to include the negatives of
the tractions that would exist if the elements were not
present. The solution is then obtained by summation of the
stress and displacement changes, assuming zero initial dis-
placement. throughout. the plane.

After the system of linear algebraic equations is set
up, it may be solved using direct Gaussian elimination with
no pivoting. This is because the logarithmic terms in the
influence coefficients make the matrix diagonally dominant:
a nearby element has more effect. than a faraway element.
Since the diagonal terms account for element self-effects,
these coefficients are larger in magnitude than the other
coefficients in the corresponding row/column.

Once the discontinuities at each element are deter-
mined, the stresses and displacements are computed readily
as the sum of the influences from each element. In order to
reduce the size of the program, ~nly one subroutine is used
for all influence coefficient. calculations. The coeffi-
cients computed are the functions f‘x, f‘y, ees f5y in step
11 above (The Method). Coordinate transformation of these
coefficients allows calculating the YA ’s and uB ‘e, while
no transformation is required for computing conditions at

non-boundary points.
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C. Stress Intensity Factors

When dealing with problems involving cracks in struc-
tures, a very useful parameter is the stress intensity fac-
tor, denoted by K. For two~dimensional, elastic fracture
mechanics problems, this measure of the intensity of the
stress singularity at the crack tip may be decomposed into
two modes (Figure 26): Mode I is the “opening” mode and
Mode II is the “shearing®™ mode.

If an infinite plate contains a single crack (Figure
2.7), the stress intensity factors in a region very close to

the crack tip (the near-field solution) are given by (3:79,

81>
-
Mode I:
Kx
o = ——— cos 6/2 [‘l + gin 6/2 sin 36/2 ] .77
4 2nr
Mode 1I:
K:x
T ®® — cos 6/2 [1 -~ gin 6/2 sin 36/2 ] .78
»y 2nr

For a problem in which the stress field in the vicinity of
the crack tip is known, the stress intensity factors may be

determined by a limiting procedure (3:343):

-1
lim
K = rssman %, 4" [co. 6/2 [1 + sin 6/2 sin 36/2 ]]

2.79>
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Figure 2.6. Fracture Mechanics Modes
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crack tip

Figure 2.7. Coordinates for the Near-Field Solution

-1
- lim '/—2717‘[«)3 6/2 [1 + gin 6/2 sin 36/2 ]]
1x r+small xy

<2.80>

where r is the distance from the crack tip.

Due to numerical inaccuracies associated with digital
computers when dealing with singularities, the stress inten-
sity factors in this study were obtained by applying a least
squares linear fit (1:264) to a plot of ov2nr vs. r Cor
TY¥2nr vs. r for Mode II). Here the stresses are calculated
directly in front of the crack (@ = 0). Figure 2.8 depicts
a typical curve generated using the DDM, along with the
associated linear fit. Note the inaccuracy of the solution
near the crack tip (r = 0). Far from the crack tip, the
near-field solution is no longer valid. Therefore, the

solution tends away from a straight line there.




TYPICAL CURVE

2.400 7]
]
2.200 -
]
]
Ny
2.000 \
]
1.800 A
] Linear Fit between: 0.20 and 0.60
. Intercept Value: 1.8783
]
1.600 T1ﬁﬁ|ll'l“'llm'm lllllll LI FrvvTyT m'
0.00 0.20 0.40 0.60 0.80 1.00

r (in)
Figure 28. Typical Curve Generated from Application of

the DDM
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The suitability of the straight-line fit may be deter-

mined by examining the index of correlation (1:264-287),

defined for an nth-order polynomial fit to m data points by

2 172
rfy- 1 - 72
' m o
v

in which

with the coefficients c, being determined by solving the

linear system of equations

b'u' c = vj i=12,..,n; j=1,2,.,n
where
b =8
1) ve3—-1
m
s = E x;" i = 1,2,..,2n~1
k=1
2~22

2.81>

2.82)

2.83

<2.84>

2.85>

(2.86>

<2.87

2.88
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T -1
v = E x; v, 1= 14,2,..n <2.89>

and (xk, Yk) are the coordinates of the kth data point.
For a linear fit, the definition of the index of corre-

lation may be expressed as (12>

m m ™m
1
2 XYy m § * § Yy
r - k=1 k=1 k=1
Ly m m 2 m m 2|12
2 _ l x 2 _ 1
kK m K " m Yy
= k=1 k=1 k=
€2.90)
The value of r fov may range from zero to unity. The
closer r fy is to unity, the better the fit. A perfect fit

is represented by a value of exactly unity, while an

extremely poor fit produces an index close to zero.

D. Modeling Considerations

Because the relative displacements of the surfaces of a
real crack are not constant (as is assumed for the DDM ele~-
ment.), a method of modeling a crack was chosen which would
more closely resemble the true situation (Figure 2.9). Each
half-crack (containing only one crack tip) was discretized
into at least three DDM elements. For the coarsest case,
the element at the tip was one-sixth the length of the half-

crack, while the element furthest. from the tip was one-~half
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Physical Model of One Half-Crack

/-— crack tip
;j

— 1 [

y
v

DDM Models of One Half-Crack

3 Half-Crack Elements:

crack tip
1 T T f
e
fe—

—b-2

)
NI
we

6 Half-Crack Elements:

g_%_,i r—g—yz 1_;«-—’ /— crack tip

L 1 1t T
a \L a a
B z T3 T8
192 Half-Crack Elements:
a a
S & — ’I Vi rl
64 at 128 l‘ [- l crack tip
o= EEEEYE (|| ST | | T
2 L2 Ja
2 " 3 6

Figure 2.9. Modeling a Half-Crack Using DDM Elements
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the length of the half-crack. This left the middle element
with a length of one-third the total length.

Finer element meshes were created by dividing each
element into equal numbers of smaller elements. Thus, a
result. stating that “192 half-crack elements were used”
means that 64 equally-sized elements were used in the first
one-sixth of the half-crack, 64 equally-sized elements were
used in the next one-third, etc. This allowed the crack to
more easily take on the elliptic shape it would assume under

a tension loading.
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III. Isotropic Development

A. Theoretical Development

The basic solution required for the Displacement Dis-
continuity Method for an isotropic material subjected to
plane strain is given by Crouch ¢(6>. Using the notation
from Chapter II, the displacements due to a constant dis-
placement discontinuity along a line crack defined on

|X| < a C(Figure 3.1) is presented as

u = Ds[ 2 - v)f&- yf"_"_‘] + Dn[ -1 - Zv)fi- yjj’_,]
3.1

T y
negative surf. aco\ Tn /— positive surface

N ] —
s X
< 2a >

D. - u: - = constant along crack
x

D = u_ - = constant along crack
n y

i ¢ x1 4

Figure 3.1. Displacement Discontinuity along a Line Crack
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ug = DL = (1= 20f = §f 1+ D[ 201 - wf - §f_]

3.2>
where
— - 1 o y . y
fX,y>) = and = [y[arct.an - = arctan T a]
- - a ln[<§ - a? « 92]"’
+ %+ ad Ln[cﬁ + a) « 72] 172 3.3>
- P
D = u_ - u_ = constant on |X| < a G
S x x
D = u. - u. = constant on |%| <a €35
n v 7
and the derivatives of f(X,y) are
+1 - 2 212
i T ama - [‘“"‘ * *9]
- l.n[(i + a + 7’] "’] €3.6>
: . 1
F -1 arctan y = arctan Yy <3.7>
v and1 - ) % - a X + a '
- 5 7 S
fss ™ 41‘!(;‘1" 5] 2 2 2 -2 3.8
Y | (X - 2" + ¥ X+ a) +y
X -a X +a
f--"f--"t(:i > -
X Y n v @ - +F e+
3.9

The stresses for the isotropic material are determined

from the stress-displacement relationships:

o__ W —— - v>u _ +vu__ 3.10>
*x 1 - 2v ®,5% Y.y
24
0_9 = TT-zT; [ L 4 ui.i + (1 v 07'7 ] 3.1




(¢ ] +
Ti? - [ u;’)7 uy’,_‘ ] 3.12>

E
where G = 3¢ + o5 19 the material ehear modulus.
Applying coordinate transformation, the displacements

in the global (x, y) coordinate system are (7:91)

u =D F-(1-2v)sln3f§4-2(1-v)cost;

* 9[81" B Sy =~ o B f.ii]]
+D -(1-2v)cosﬁf;-2(1-v)sinafv
- 7[cos B8 f.W + gin g f"_d_(]] 3.13

u =D F+(1-2v)cosﬁf’_'+2(1-v)sin6f7

- 9[con 8 f.iv + gin 8 f'ﬁ]]

2v) sin B f,_‘ + 21 - V) cos B f?

+D [ - Q1
n
- y[sm B £y, = com B _f,_&]] 314>
From these, the stresses in the global coordinate sys-

tem are determined to be (7:92)

o =26D | 2cos’8 f__ + sin 28 f__
8 Ry xX

xx

+ ?[cos 2B fj;; - s8in 28 f.:’r??]]

+ 20D, [ ~fw 7["" 28 figy * Co® 28 f.wv]]

€3.1%

2
o, = 20 D‘[ 2 sin‘p f'*,; sin 2g .f',-"-‘

- ?[cos 2g f’,-&; - sin 28 f .979]]

3-3




'rxy = 206 Ds[ sin 28 fj? - cos 28 F__

nx

+ 9[;1:. 28 fjw + cos 28 f.w;]]

+ 26 Dn [ - y[cos 2p f”_&v - 8in 28 f.???]] €3.17>

with _f”_‘;'7 and f&)_’? given by

“ [ % - ad - § x+ -y 7
L gy = anct = > B
Yy n i IR RS L o LR S RS SRS 2
€3.18>
+2y i X - a X +a )
= -
FYY AR =W | @ -+ O «x )t v PO
€3.19>

The functions f_(X,.8> through f, (%§,8> (Chapter

II> can be determined from the form of the displacements and

stresses:
u = fix(i,i,ﬁ) D’ +f w(i,?,ﬁ) Dn 3.200
uy - fzx(:‘c,?,B) l)8 + fzy(:‘c,v,a) Dn 3.21>
°o. = _f”(ﬁ,ii,a) D’ + f 3y(§,7,ﬁ> Dn 3.232>
ayy = f““_‘-?»ﬁ) D. + f‘y(i,?,ﬁ) Dn 3.23>
Txy = f”(i'(,'i,B) D. + fay(ic',?,B) Dn .29

The required equations now exist for computer imple~-
mentation of the Displacement Discontinuity Method for an

isotropic plate in a state of plane strain (program TWODD in
Appendix C),
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B. Stress Analysis Application

To verify the stress solutions used in program TWODD,
the case of a circular hole in an infinite plate under uni-
axial tension was considered (Figure 3.2>. The analytical
solution for the tangential stress of this problem is given
by Timoshenko and Goodier (21:91) as

2 )

o =Sl 1+2 | -S| 1432 |cos 20 3.25>
t 2 rz 2 r‘

A my ] =~ o= PR -~ - ~ o~

> I

LT

Figure 3.2. Circular Hole in an Infinite Plate under
Uniaxial Tension (Isotropicd




For the case that 6 = 0° (along the positive x~axis), the

solution becomes

+ 3

ol %
” ID
LK

o = o -§[2+ ] (3.26>
t € 2

Program TWODD was used to solve this doubly-symmetric
problem using as few as three, and as many as 192, elements
per quarter circle. Figure 3.3 indicates that even for the

case of three elements, the solution obtained using the DDM

is extremely accurate.

C. Fracture Mechanics Applications

Since the purpose of this study was to validate use of
the DDM for fracture mechanics applications, the following
problems were solved using program TwWODD: (i) offset paral-
lel cracks, (i1) slanted embedded crack (45° angle), and
(iii> single edge crack near a hole.

1. Offset Paralle]l Cracks. The first. fracture mechan-

ics problem analyzed was the case of two offset cracks par-
allel to each other (Figure 3.4>. The solution to this
problem for an infinite plate was determined by Rooke and
Cartwright. (19) to be approximately

Location “A*: Kl = 1,77 pei in'?

Location “B™: Kx = 1686 pei in'"?
with an applied stress of 1 psi, and dimension “a” equal to

2 inches.




_ |SOTROPIC

XX XXX 3 Elements
opooo 192 Elements
E— Theoret’uca\

Applied Stress:

100.0 pS!
|nfinite Ponel




OFFSET PARALLEL CRACKS -~ ISOTROPIC

LT 2400
>
£
B
< 2.200
X
2.000
Loc'ctign "'(A"E'
1. Holf-Croc ements:
800 12, 48, 192
Infinite Panel

0.00 0.20 0.40 0.60 0.80 1.00

2.200 Location "B"
Half-Crock Elernents:
12, 48, 192
Infinite Ponel

2.000

1.800
0.00 0.20 0.40 0.60 0.80

. (a:{)

T

—— g
T
Figure 3.4. Offset Parallel Cracks in an Infinite Plate
(Isotropic)
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For the same configuration, the DDM yields the values

in Table 3.1, indicating good convergence.

Table 3.1. Offset Parallel Cracks <(Isotropic)

Elements KI CAD K! B>
12 1.879 2.023
48 1.787 1.918

192 1.756 1.886

2. Slanted Embedded Crack (45° Angle). The second

fracture mechanics problem analyzed was the case of a crack
at. a 45-degree angle to the direction of the applied load in
a finite panel (Figure 3.5). Rajiyah and Atluri (16>

describe a boundary element alternating method which they
used to obtain the solution to this problem:

K, = 1378 psi in!”?
when the applied stress is 1 psi. For an applied load of
1000 psi, the solution would therefore be

K _ = 1378 psi in'"”

For this 1000 psi load, the DDM yields (with 192 half-
crack elements) the values in Table 3.2, where “Length” is
the size of each element along the outer boundary of the
part (in inches). Again, good convergence is demonstrated

— this time for a finite plate.

39
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Figure 33. Slanted Embedded Crack (Isotropic)
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Table 3.Z2. Slanted Embedded Grack (Isetropic?

Length K" % Error
0.50 1382 +0.3
0.25 1382 +0.3
0.125 1381 +0.2

3. Single Edge Crack Near a Hole. The last fracture

mechanics problem analyzed was the case of a single crack
emanating from a hole at the edge of a finite plate (Figure
3.6>. The solution to this problem, according to Rajiyah and
Atluri (16, is

K = 3.493 psi in'"*
under an applied stress of 1 psi. Since this is a Mode 1
problem, Kn = 0 psi in'72,

For a 1 psi load, the DDM yields (with 96 half-crack
element.s) the values in Table 3.3, where “Length®, again, is
the size of each element along the outer boundary of the
plate (in inches). Notice that convergence is slower for
this more complicated boundary. However, the trend of mono-
tonically approaching the solution as the number of elements

increases is still evident.
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EDGE CRACK NEAR HOLE - ISOTROPIC

& 4.400

4.000

3.800

Border Element Size:
0.125%, 0.25~, 0.5, 1.0¢
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0.000
-0.020
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. 1/2
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o=l

Figure 38. Single Edge Crack Near a Hole Usotropic)
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l Table 3.3. Single Edge Crack Near a Hole (Isotropic)
Length Kx % Error Ku
1.00 3.785 +8.4 -0.015
' 0.50 3.707 +6.1 -0.013
0.25 3.663 +4.9 -0.011
l 0.125 3.635 +4.1 -0.009
l 3-13
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IV. Orthotropic Materials

The use of laminated composites in the construction of
aircraft components has led to complications in problems of
fracture mechanics. The theoretical solutions for isotropic
materials, by themselves, will no longer suffice for deter-
mining stresses and stress intensity factors in modern
aircraft parts. The isotropic DDM, however, may be modified
to include specially orthotropic materials. That is

accomplished in this chapter.

A. Theoretical Deveiopment

Reading through Crouch and Starfield (7>, I noticed
that for an isotropic material the form of the displacement
solution required by the DDM could be determined from the
solution to Kelvin’s problem, which involves a concentrated
load applied at. a point in an infinite solid. If the load
is distributed uniformly along the x~axis between x = - a
and x = + a (Figure 4.1), integration yields the solution to

a constant traction applied to a line crack (7:48):

P P
x - Y

u =5y (B-4df + yf 1+ X (-yf ) 4.
P P

u = 5% [yF 1+ 5% [B-4udf + yf ) 4.2>

where f(x,y) is the same function as that in Chapter III for




Figure 4.1. Constant Traction Applied to a Line Crack

the isotropic DDM.

Differentiating these displacement.s with respect to y

only,
Px Py
ux,y = 5_0- e - 4v)f;y + I'YV] + ﬁ L -fﬁ‘ - Yf-xy] 4.3
Py Px
u =g Uf, "Y1 55 S+ f ) 4.4
These may be written in the form
+ + + .
u, " Px[ A _f’y lByf'yy] Py[ Cf" !Dyf’xy] 45>
+ + + .
uy’y = Px[ (E_f’x (Fyf’xyl Py[ G_f'y IHyf'yy] <4.6>
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where A, B, .., H are constants which depend only upon
material properties.
Comparing to the solution presented for a constant

displacement discontinuity (7:81),

u = Dx[2(1 - v)f’y- yf’xx] + Dy[ -1 - 2v)_f'x- yf'xy]
<4.7)
- - 'Y - -
uy = Dx[(l Zv)f‘x yf’xy] Dy[2(1 v)j"y y_f’xx]
4.8
and realizing that fxx = =-f vy’ it is seen that. the forms
are identical. Therefore, in developing the displacement
discontinuity solution for an orthotropic material, I used
the solution to a constant traction along a line crack as a

starting point (7:202):

9, p |4 x T2 ¢
u = py pea Yoy > = —1 (XK, ¥,y >
x 21'tc“(c.|1 qz) x{q, 1 1 q,1 2
-1 - = - =
i <q - qO Py [12(x,y,r1) Iz(x,y,yz)] 4.9
ee 1 2
-qxqz
u = — P [I X,¥,ry > - 1 (R,¥,» )]
y 2;'tc“(q1 qz) x| 2 1 2 2
-1 P q‘xo—cvy> Exmy,; <4.10>
- 2y - 2y >, .
ch“qu qu ylzvl 1 1 r,t 2
where
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_ v _
l Ii(x,y,r‘) = YtAL [@1()/‘) @2(7")]
B‘.? B\’.?
- % - + % —
l X a ZAL lnr(y)+ X+a+2Ai lnrz(r.')
4.11>
| 0.y
I x,y,y> = - §-a+-zT— G(y)
1
' B‘? 5
% - Y _ - A2>
' + | x+a=+ Ty ©,qr > A [excy_g ezq«‘)] C4.12
r ¥/7<r A D
® (» > = arctan b 4.13>
l o (<% - a> + 2B /A
2
( §/<y A D 3
l © (y > = arctan b <4.14>
2 x + ad> + -‘-B_y/
2
' r G - [A‘()-( - % + B& - Dy + cy’ 172 4.15>
r > - [A_‘(:? + ad + B (X + 2 + civz] 172 €4.16>
A9
A = <yfcosza + sin’g> 7 yf 447>
B = 1 - yf)sm 28 / yf €4.18>
c = (rzsinzﬁ + cos’p> 7 r’ <4.19>
+ - .
cuc“y + (c (c 127 Ce ) cnczzly C,,%e ™ o <4.20>
o c c 0 u
x X 11 12 x , X
o - c c (4] u 4.21)
Yy 12 12 Y.Y
T 0 0 c u + u
Xy 68 X,y Y. X

and B is the angle measured counterclockwise from the global

x-axis to the line crack’s local Xx-axis. By differentiating




ux and uy with respect. to y only, we can obtain the func-
tions required for the DDM when the material is orthotropic.
If the form of the solution for a constant displacement

discontinuity along |x| < a is assumed to be
u = Dx{ﬁ [®1<71> - ®2<r‘)] + ua[etcy2> - 92<72>]}
.
+ Dy{C [ln ri(}'t)/rz(yl)] + ﬂ)[ln ri(rz)/rz(yz)-l} 4.22>

uy = Dx{[E [et<y1> - 62<71)] + F[91<y2> - 62(72)]}

+ Dy{G [ln ri(rt)/rz(rl)] + I}'l[ln rquz),rz(rz)l} 4.23>

then the coefficients A, B, .., H may be determined by
requiring u and uy satisfy (i) the appropriate boundary
conditions and (ii)> the equations of equilibrium. Coordi-
nate transformation can then be used to represent u and uy
in terms of the local discontinuities Di and 09.

The solution to constant. displacement discontinuities
Di and Dv over a line segment of length 2a (see Figure 3.1
for an orthotropic plate in a state of generalized plane

stress is thus given by (see Appendix A)




where

q

2 1
Q D, r—[etc'rl) X r—[elcrg - ezcrz>]]cos P
- 2 1

L

Q D’_‘ ln[rl(yl)/rzqfl)] - ln[rl(yz)/rzqu)]]sin 8
L

q2

L

1
[®1<71> 62()’1)] -——[@1(}'2) - 92(72)] sin 8
'YZ rl

-

Q D_ ln[rl(rl)/r2<rl)] - ln[r1<yz)/r2(yz)] cos B

y
4.24>
Q i ]
D§ ln[r‘(yl)/rz(rl)] - ln[ri(rz)/rZCrz)] cos B
7172 - e
Q Di —Lel(rl) - 92(71)] - ;—[61(72) - Gz(rz)‘ sin B8
Yy y 2
Q [ 1
D)7 ln[rl(rﬁ)/rz(yl)] - ln[ri(rz)/rz(yz)] sin B
71}’2 L i

Qb Er@( >-e<>-§re< >-06cC )’cosB
% L171 27 172 272

Y L y
7, 7,

<4.25>

[ ¥/<r A )
61(7,‘) = arctan : M <4.26>

| X -~ a+ ;Bty/A,‘ J

r /¢y AD 3
6,(y > = arctan : . 4.27>

* | % + a + B y/A |

2 L

rCrD> = [A,‘<§ - at e B (X - a) + c,‘y‘]"’ €4.28>




r GO = [At(s_( + a? B (% + a)y + ctvz]"2 4.29>
A,\ = (rf (:os2 8 + sinz 8> 7/ rf (4.30>
B = - r®> sin 28 / r: C4.31
c = <yf sin® B + cos® 8 7 yf €4.32>
1 r.r,
Q= — — 12 €4.33>

2n qxrz - qzrx

ccr4+[c(c + 2c )-cc]72+cc = 0 <4.34)
11 66 12 12 (.Y ] 11 22 L+ 22 oo

q = 2 -¢c M +¢c > C4.35>
1% 11 ¢ (.Y 12 (Y.}

and c‘~j are the orthotropic moduli:

E v E v E
1 12 2 21 1
c .- — C = -
11 1-v v 12 1-v v 1 -v v
12 21 12 21 12 21
Ez
Cc - — c = G (4.36>
22 Ttoov v 1) 12
. 12 21

The stresses for the orthotropic material are determined

from the stress-displacement relationships:

o = c u + c u <4.37>
xX 11 x,x 12 Y.y

o = Cc u + c u <(4.38)
vy 12 x,x 22 y.y

T = C u + c u 4.39
xy (.1} x,y (1) Y.

For a coordinate system X,y at an angle 8 with the global
(material) coordinate system, the stress-displacement

relationships become:

o = ¢c cos fu_=-c sin g u
134 11 x,% 11 x,

+ clzsin 8 u . + c,,cos 8 u _ (4.40>

y; yly




x,

o = c cos B u _
12 3

- c sin u
Yy . 12 B

- .
czzsm B u . + ¢, cos 8 u _ 4.41>

» Y.

4

_ = c sin g u _ <4.42>
(Y] Y.y

’

T = c sin B u _
[.].] x

+ c cos B u
xy f (2. x

+ c cos
(1. 8 u

Thus, for the case of constant. displacement discontinu-

ities, the stresses may be written (Appendix AD>

2
o Q D’_‘ [Sic“cos B Szc“sin B cos B
2
Saclzsin 8 S4cizsin g cos B

+ - + i
(R31 Raz)(c“ clzlyxyz)sxn B cos B8

2 2
(R“ R42)(c“sin 8 cizcos 8 /7172)]

2
Q Dq [Sic“sin g cos B Szc“sin B
2
+ Saclzsin g cos B + S‘cncos 8

2 2

K Raz)(c“cos B cmsin 8 /7172)
- +

(R41 R‘z)(c“ clzlyiyz)sin g cos 3] <4.43>

2
ayy = Q Di [Sicucos B Szclzsin 8 cos B

- S c _sin’g-sc

3 22 < 223"' g cos B

+ (Raz- Raz)(c12+ czzlyzyz)sin 8 cos B

2 2
(R41 R‘z)(cxzsin 8 c,,cos B8 /7172)]

2
Q D;_, [Slc”sin 8 cos B Szcnsin 8

2
+
Saczzsin 8 cos B + S‘czzcos B8

2 2
(Rax Raz)(cjzcos 8 czzsin 8 /r’rz)

+ (R“- R‘z)v(o::12 + czzlylyz)sin g cos ﬁ] <4.44>
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' 2
rxy = Q D,_< coe lesin B cos B + Szcos B

- Sasin p cos B + S‘sinzﬁ
2 2
- +
+ (R:_)1 Raz)(sin B cos 8 /yirz)
+(R41— R‘2)<1 - 1/?’1?’2)3“1 B cos B]

- Q D_ ¢
y

2 2
o [Slsin B + stln g cos B + Sa cos B

- S4sin g cos B - (R3 - Raz)“ - 1/71}’2)3“1 B cos B

1

2 2
(R‘1 R‘z)Ccos B + sin" B /7172)] <4.45>
where
9, q,
S = — R -~ — (4.46>
1 r, n v, 12
qz ql
S = — R -~ —R <4.47>
2 Y 21y 22
2 1
) 9, qz
S = — R -~ —R <4.48>
3 r, u 72 12
q, q,
S = — R -~ —R (4.49>
4 71 21 7, 22

Rn - [Gl(r,t) - ez(ri.)].i

Y/Y‘.,

A R - a? + B (X -~ &)y + civ’

y/7r,
. — 450>
AR + ad: + B (X+ adf + C¥




R = [61(”3 - ezcy,\)] %

(i-a)/;v,‘

A X - aX + B (% - ady + c v
18

(§+a)/7.‘

AR+ ad? + B (X + ady + c,yz

[,
RB\ - [ln Lx~1(}'_‘)lr~2(ri’) )

)

AGi- a>+ By
L 2

AR - ad + B (% - ady + c_tyz

AGi+ ad+3By
A 2

A (R + ad B (X + &>y + cV

R = ln[rl(ri)/rz(ri)] _

Y

1 < -
;B‘<x -a) + G_‘y

A R - ad? + B (% - a)y + c,jz

Ik +ad +C§
2 L

ACE + a2 « B (X + &)y + CF

Thus, the functions in Chapter II for an orthotropic

material are
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q q _
%.v.] 2 - - 2 - )
f“(x,y, B> = Q [r [Ol(ri) 62(71)] > [61(72) 62(72)]]cos B
2 1

- i
+ Q [ln[rl(yl)/rz(rl)] ln[ri(rz)/rz(yz)]]sin B8

4.54>
o< - i
f‘y(x,y, 8> = Q [ln [rl(ri)/rz(rl)] l.n[r‘(rz)/rz(yz)]]cos B
- Q Lo cr> - 0cr>) - 22foc > - 8] lsin B
1 rl 2 71 b 72 2 72
Y, Lo
<4.55>
J Q J
f”(x,y, 8> = Di 1“[1‘10’1)/1‘2()’1)] - ln[rl(rz)lrz(ra)] cos B
LN
-Q Yo ¢ > - 6] - 2fec > - 6 G >]|]|sin g
A 27y 172 272
7, 7,
<4.86>
f(ﬁ"b)--oq‘e( >-e<>-Ee< > - 8¢ )| lcoe B
2y OY? — |5, 2y P 22
r!. 72
° ( ( i
- D’_( lnLr‘Crt)/rzq")] - lnl.r‘(ya)/rz(rz)] sin B
7172
<4.87>
f %y,')8> = Q |sc coe® g - Sc oin 8 cos B
ax 77 118 2 11
- 2 3. _ J J
Sacmcin [-] S4cmsin B8 cos B
- 3 i
+ (R“ R“)(c“+ cmly‘rz)sin g cos B
- - 2 j, _ 2
(R“1 Rﬂ)(c“cln B8 G, ,C0® B8 /ylrz>] <4.58>
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— - ] s _ 2 j
fsy(x,y, g = Q [Slcusin 8 cos B Szcusin 8
J J 2 j
+ Saclzsin B cos B + S‘ctzcos "B

2

- - - 2
(R:_)1 R32)<cucos =4 cizsin [=] /ylyz)

+ - J 3
(R41 R‘z)(cu + cm/yiyz)sin B8 cos B <4.59>

s 2 i, _ i J
f‘x(x,y, B8 = Q [Stctzcos B Szcxzsln B cos B

- 2 Jj, _ J J
Saczzsin 8 S‘czzsin g cos B

. - + J i
(R31 }232)0:12 czzlrirz)sin g cos 8

_ _ 2 i, _ 2 j
(R“ R‘z)(clzsin 8 'czzcos B8 /rlrz)] <4.60>

== _ i Ia o 2 j
f4y(x,y, 8) = Q [Sicmsin B cos B Szcmsin 8
L 3 2 j
+ Ssczzsm B cos B + S4c22cos B8

- - 2 i, _ 2 j
<R31 Raz)(clzcos B czzsin B ,7172)

- J J .
+ (R41 R42)(c12 + cn/ytyz)sin 8 cos ﬁ] <4.61>
= = ) J i 2
f”(x,y, B = Q C,o [Sisln 8 cos B + Szcos 8
- Sssin Jﬁ cos JB + S‘sin2 "B
+ (R_- R_>sin® 8 + cos® 8 7y y >
31 32 1" 2
- - 3 3
*0-(R‘1 R‘z)ﬂ 1/7’72)9111 8 cos B] 4.62>

o _
f5y<x,y. B> = - Qc,

[sism2 g + S,sin ‘B cos g
+ S’ c.:os2 jB - S‘sin jﬁ cos jB
- - - 3 J

(R31 Rale 1/rirz)sin g cos B

23 2 )
- <R - R o8 + <4.60>
« ‘2><o (-] oin -] /y1r2>]

Recalling also from Chapter II the convention of com=-
puting element self-effects on the negative side of the

discontinuity, determination of the values of coefficients
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Bss and Bnn requires computing the following limits with
X = O:
lim
y+0_ [etq«,‘) Gz(r_‘)] = -7 (4.64>
tim e G 3r 3] - Infr o0 ]| =0 C4.65>
y+0_ T T 17T, ’
Thus,
i - q, q, i i i i
u = Q [— (=) - <~ [D,_‘ cos B - l)7 sin B]
Y, r,
1 r.ry q q . . 4 .
- __13___[_2 - e [n cos ‘g - 'D_ sin ‘3]
2n Ur," L, I, 1

1qr ~q7, . . . .
- - _ _z_l___‘_z;["b,_‘ cosg "3 - "D? gin ‘B]
2q7r, - 9, .

1 fi i i i
= 4 2[0; cos B I)7 sin B] <4.66>

. q q ; i i
'y = - Q [_1 C=-ntd) ~ —E(-n)] ["D_ ®in "B A "D_ cos t3]
y x b4
2

v, r 4
1 r.ry q q : . . .
- - 32 | t. -3](-") [‘Da sin ‘g + "D’_' cos ‘9]
2n qzrz- qzrs 71 72
1 qr qQr .
-4 12 2 1(?D§ sin ta - ;D§ cos 3]

= + i[‘bi =in ta + iby cos iﬁ] 467>

Therefore, the local displacements become
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v L= [ v v - 1
u, = u_ = u cos B + uy sin 8
= <+ i(ccns2 ‘B + sin? ‘B)"Di
1t
> =
- > Ds 4.68)>
- - i - i
- +
u = u?- u sin B u cos B8
= + i(sin2 "B + cos "B)\Dy
1t
=+ = 'D (4.69)
2 n

i’V‘B = i'i'B = + i, as stated in Chapter II.

Thus, 88 nn

The required equations now exist for computer imple-
mentation of the Displacement Discontinuity Method for an
orthotropic plate in a state of generalized plane stress
(program TWODDO in Appendix D). This method may also be
used to determine the solution for an isotropic plate in a
state of generalized plane stress. Since the orthotropic
solution is singular for a truly isotropic material (E' - Ey
= E implies q, =q, = 1 and r, = 72), it is not possible to
use l-:x = Ey = E directly. However, if the values of Ex and
Ey are within a few hundreths of a percent of one another,

an isotropic material will be sufficiently represented.

B. Stress Analysis Application

To verify the stress solutions used in program TWODDO,
the case of a circular hole in an infinite plate under uni-
axial tension was again considered (F: ure 4.2). Lekhnitskii
(13:163-171) demonstrates that the tangential stress along

the boundary of the hole is given by
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CIRCULAR HOLE - ORTHOTROPIC
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Figure 4.2. Circular Hole in an Infinite Plate under
Uniaxial Tension <(Orthotropicd
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E
o, =Pp -E:—" [ulpzcosze + 1+ n)sinze] <4.70>
1
where
1/2
M, = <81/E2) <4.71D
1/2
n = (Exlexz Zv12 2“1"'2)
and
4 4
1 =in 6 1 va 2 2 cos 6
—_—- + - sin"® cos 6 +
E E G E E

t 1 12 1 2

for a uniform traction p at infinity.

For the case 8 = 90°, the maximum stress is determined

to be o, mo = p1 + n). Then, assuming a boron/epoxy
laminate CE = 30x10° psi, E, = 2.7x10° psi, |, = 0.65x10°
psi, ;nd v, = 0.21), the theoretical maximum stress at the
edge of the hole is o = 8239 psi. The results from pro-
gram TWODDO were extrapolated to the edge of the hole by
assuming an inverse fourth-order least squares curve fit

(1:264> is appropriate. The results are shown in Table 4.1.

Table 4.1. Tangential Stress at. Edge of a Circular
Hole <(Orthotropic)

Elements o, at 6=90° % Exrror
3 304 .6 -is .0
12 400.9 -51.3
48 482 .6 ~-41 .4
96 523.8 ~-36.4
800 690.0 ~-16.3
4-16
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The extrapolated stress at the boundary converges very
slowly due to the presence of stress singularities at the
ends of each element. The difference in stress values a
short. dist.ance from the boundary, however, is less than 2%
when the 3-element. case is compared to the 800~-element case.
Thus, the stress solution is accurate except very close to a

boundary element.

G. Fracture Mechanics Applicat.ions

Two of the fracture mechanics problems analyzed for an
isotropic material were considered again for an orthotropic
material: (i) slanted embedded crack (45° angle), and d{ii
single edge crack near a hole. Analyzed first was the case
oil symmetric edge cracks emanating from a hole.

1. Symmetric Edge Cracks Emanating from a Hole. This

first fracture mechanics problem involves cracks extending
from two sides of a circular hole in an orthotropic panel
(Figure 4.3>. The solution to this problem is presented by
Tan and Bigelow (23> as
K =SYtaF 4.74>

where F is a correction factor based upon the geometry and
the material properties.

The case analyzed was a [0°] graphite/epoxy laminate

having the following properties and configuration:
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Figure 4.3. Symmetric Edge Cracks Emanating from a Hole
(Orthotropic)
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E_ = 11.72 GPa = 1.70x10° psi

21.0x10° psi

E, = 144.8 GPa
G = 9.65 GPa = 1.40x10° psi

vxy = 0.017 S = 1000 psi

a = 160 in 2a/vw 0.20 ZR/W = 0.125 H/W = 2.00

For these conditions, Tan and Bigelow (23> predict a stress
intensity factor of K = 2394 psi in'"? ¢F = 1.0679>.
Program TWODDO produced the results in Table 4.2 for 96

half-crack elements.

Table 4.2. Symmetric Edge Cracks Emanating from a
Hole (Orthotropic)

Length K‘ % Error
1.00 2327 ~2.8
0.50_ 2303 -3.8
0.25 2285 ~4.6
0.125 2274 ~5.0

2. Slanted Embedded Crack (43° Angle). The geometry

for this problem is gimilar to that for the isotropic case

(Figure 4.4). The material properties used, however, were

E_ = 30x10° psi e = 0.65x10° pei

E = 2.7x10° psi v = 021
) 4 Xy

which corresponds to a boron/epoxy laminate. Using a finite
element. alternating method, Chen and Atluri (4) determined

the Mode II stress intensity factor for the loading shown in
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_ Figure 4.4. Slanted Embedded Crack (Orthotropic>
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Figure 4.4 to be K“ = 1.1097 psi in'’%.  The results
obtained from program TWODDO are compared to this in Table

43 for 192 half-crack elements.

Table 4.3. Slanted Embedded Crack (Orthotropic)

Length K" % Error
0.50 1.116 +0.6
0.25 1.116 +0.6
0.125 1.116 +0.6

3. Single Edge Crack Near a Hole. Here, the same

geometry was used for the orthotropic case as was used for
the isotropic case (Figure 4.5). The material considered was

a [0°] layup of graphite/epoxy with the following properties:

E = 20.5x10° psi e = 0.752x10° psi

E = 1.37x10° pei v = 031
Y Xy

For this problem, Chen and Atluri (4> obtained KI = 3.2349

172

pei :n with a 1 psi load. For an applied stress of 1000

psi,
K _ ~ 3235 psi in'"? €4.75>

The results from program TWODDO presented in Table 4.4 indi-
cate slower convergence than for the more compact problems

analyzed earlier. However, the trend of overestimating the
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Figure 4.5. Single Edge Crack Near a Hole (Orthotropic)
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stress intensity factor is evident by the monotonic conver

gence of the results.

Table 4.4. Single Edge Crack Near a Hole (Orthotropicd
Length K % Error

b ¢
1.00 | 3734 +15. 4
0.50 | 3610 +11.6 |
0.28 3540 “+9.4




V. Conclusions and Recommendations

A. Conclusions

As demonstrated by the results in this study, the Dis-
placement Discontinuity Method may be used as a tool for
both stress analysis and fracture mechanics applications.

Its rapid convergence for problems involving infinite
domains allows for an accurate solution with only a few
elements, as demonstrated by both stress analysis applica-
tions and by the case of parallel offset cracks in an iso~-
tropic material. The method’s accuracy in problems with
boundaries compoged of straight line segments is also
unquestioned. <(See the slanted embedded crack results.> On
the other hand, for fracture mechanics problems containing
curved boundaries the DDM showed much slower convergence
than it did in the other cases discussed above.

The Displacement Discontinuity Method has an advantage
over finite element techniques due to the fact that only the
boundary of the problem must be modeled versus modeling the
entire domain. This, coupled with its rapid convergence,
allows the DDM to obtain accurate solutions using fewer
eloments than finite element methods. Mesh refinement is
also accomplished more easily with the DDM because of the
reduction in order of the problem from a two-dimensional

domain to a one~dimensional boundary.
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The main disadvantage of the Displacement Discontinuity
Method is that the matrix equation developed by the tech-
nique contaings a fully-populated matrix. Finite element

techniques are able to use banded matrix operations to

increase their efficiency; the DDM cannot.

B. Recommendation=

This thesis dealt mostly with development and valida-
tion of a plane stress displacement discontinuity method.
Further research shouild be done to characterize the tech-
nique. This characterization could include (i) determining
the range over which a least squares fit is appropriate (as
a function of distance from the crack tip), (ii) obtaining a
rough estimate of the number of elements required to obtain
an accurate solution for a given problem, and iii) deter~-
mining the effect of refining the mesh for a half-crack in
another manner (e.g. the method used by Harris (11> for the
plane strain DDMD,

Another recommendation is to improve the efficiency of
Program TWODDO. This could be accomplished by using a
matrix equation solution routine other than Gaussian elimi-
nation, which is of order N. Since the program is modular,
incorporating a different matrix-solving algorithm should
not be difficult.

Also, the current Displacement. Discontinuity Method is

limited to two-dimensional analyses. Extension of the DDM
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to three dimensions may be possible if a 3-Dimensional

Fictitious Stress Method could be developed.




Appendix A: Orthotropic Solution

1. Introduction

This sappendix demonstrates that the orthotropic
solution used in the body of thia thesis satisfies ) the
boundary conditions appropriate ‘>r a displacement
discontinuity and (ii) the equations of equilibrium for a
panel subjected to a state of generalized plane stress.

The first of these requirements (satisfying the
boundary conditions for a displacement discontinuity> can be

written in the following form:

- + Y I
u=u -u =D |x|<a CAD
*> 1 3 A 9 A Y L 9

lim u iim
y+0_"i y+0
where i = x, y. This represents a discontinuity in the

displacement. field along a line crack lying on the x-axis
between x = - a and x = + a. This discontinuity can be

either a shear discontinuity ( = x> or a normal

discontinuity 4 = y),
The second condition requires that the stresses satisfy

the equations of equilibrium:

o + 7T = 0 C »x~direction > CAD)
2%, 2xYy,y
o + T = 0 ¢ y=direction ) CAD
YY.y xy,n
A=1
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These equations are appropriate for a thin panel in which
body forces and through-the-thickness shear are neglected.

The orthotropic solution presented is shown to be
correct as follows: First, the solution for a shear
displacement discontinuity is demonstrated to be correct.
Next, the solution for a normal displacement discontinuity
is validated. The two results are then combined to yield a
more general solution. This solution is then generalized
further to determine the displacement field for an arbitrary
orientation of the crack with respect to the material
coordinate system. Finally, the stresses for this general
solution are determined.

Fi

2. Shear Displavement Discontinuity

Let u represent. displacement in the x-direction and let
uy represent displacement in the y-direction. Consider the

following displacement field:

u =QD { ;f [amun[,‘y:r’] - m[xy:rl]]
) ;i [ m(x’: 7:} . m[::r:]} A4

Q { [(x - + (y/r‘)z] 13
u = D in
x

x + &> ¢ <y/y‘>’

> ~ ot ¢ (ylrz)z il
- In p A3

x + ) ¢ (ylrz)

A-2
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with

1 7‘72

Q - i_ — e
" qtrz qzra

d/<Cc + c D
[ 12 ee

q-(crz-c
1 1171 °

2
Q = (curz c“)/(cm M c“)
4 2
c ¥y *flc <c_+2c >)~c c Yl +c c =0
11 o6’ i 12 12 ee 11 2277 % 22 eoe
Dx = constant

Then, on the x-axis

qz Y/?“ Y’r,‘
u = QD — 1im [arct.an[ ] - arctan[——-—]]
x x rz y$0 X~ & x + a
q, y/r, /7,
- — 1lim [arct.an[ ] - arct.an[ ]] CA S
71 y+0 X - X * &
u =0 CATY

b4

The limits depend upon the value of x and upon from which
direction y = 0 is approached. The limits of the arctangent

function are

lim [y
y+0 arctan g‘—f‘_.] = 0 for |x| > & CA.8)
r

lim arctan y - n for |x| < a CA.9
y+0 x t a
lim [y

arcten - - for |x| < a CA.10D>
y+0 _ x £ &
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This means u = 0 on jx] >a If |x| < a,

.
qQ q
Qb { 2w - 2w for y+0_
x Y2 7,
u = 9
q q
QD 2 - 2w for y+0_
x 72 ?‘x
.
( q q
2 1
Dn N for y-+0
u = 4
) 1, q,
- QD n -_— - ¥ for y+0_
L ra 1
.
qQr, - ar
QDn 21 12 for y+0
* rara +
u o= ‘
qQr, - 7
2’1 12
-QDbn for y+0_
L { rarz }
.
- ib for y-vo*
u = ¢ CA1D
x
+ ';D for y-+0_
.

Thus, u and uy satisfy the displacement discontinuity

boundary conditions

u -u =p on (x| <& y=0 <A 1D

4 xn o

u - :-0 on |x| > & y=0 CAAD)
A-4
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The displacements u and u must also satisfy the

equilibrium equations:

T = 0 C wx~direction > A2
x%,X XY,y
o + T =0 ¢ y=-direction > CADD
YYo¥ xy,x
which, when combined with the stress-strain relationships,
( ) r 1( )
o c c 0 u
xx 11 12 x,x
4 ayy } = 12 S22 o 1 uy’y 3 CA.14O
LT“V J L ° ° Coe d Lu": * Yy, x ]
may be written
u cC .u 4+ +cou =0 (x> CA.13)
11 x,%% 88 X,yy 12 66 VXY
c_u 4+ c u + < _+c du =0 Cy)> CA.16D
a2 YYY 68 Y, XX 12 (.1 R,y

Carrying out the differentiation in the x-equilibrium

YRy

2Cx + aX<y/y D '}

(Cx + a* + <y/y‘>‘1‘ ]

2(x + aXCy/y ) ]

tCx + ad2 + (y/r’)al’

equation,
c u c u +{c +c du
11 2,%x% 68 x,yy 12 (1}
q, [ 2¢x - a)(ylr‘)
=c,?D = 2 2
: *Ta Jtox - @ 4 cysy > )
q, [ 2¢x - a)(y/rz>
*e,QD = 2 2.2
T, [[<x -~ ad" + (y/rz> ) |
q -2¢x - adXly/y MWy:
+c QD -2 1 1
o *¥ ltex - o? » (y/rt)‘lla

=2Cx + 8OCy/y 1>’r:
)3

[x + & + Cy/sy >*
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q -2Cx - adly/y d/y? -2Cx + adly/y >/y°
c Q D _i 2 2 - 2 ]
° X ¥, ltex - a>? + <y/yz>"1’ x + ad + (y/rz)z]‘
; . Q -2¢(x =~ a)(ylrt)/r1
€42 c“) ry Dx 2 2.2
1“2 f(x -~ &) + (y/r‘) B )
=2(x *+ a)(ylr‘)lr‘
x + 2 « <y/r‘>’1‘
-2Cx =~ adXly/y Xy
Cc, *+c O Q2 p 3 3
Y2 * jtox - o2 + <y/y’>’1’

-2Cx + a)(ylr3 ”73 ]

[Cx + a0 ¢ <y/yz>’1’

i [[

. L

2¢x - a)(ylr’) q, q,
2 2 €. D, 77 7 G2 D, 3
t<x - &> + ¢ysy > r * ¥, ",
" Q
- Cc_ *+c D D
12 (7 2 »
¥, 7,
20x + a)(y/r‘) q, qz
2 ch Dx r_ - OQQ Dx 2
x + a2 + (y/r’)zl’ 2 Y, 7,
Q
-Cc +*+c¢c ) D
o0 2 x
Y1 7,
2(x = a)(ylyz) q1 q‘
2 3311%1.@ Pu y - %e? P, 2
(x -~ &) + (y/r’) B ) 3 )" 7.
Q
- ¢ +*c ) D
[ 1]
r, v,

A-6




[ 2Cx + aX(y/y,))

(x + a2 & <y/yz>’1’

qz q,
c QD —=¢c QD
11 x ¥ ee x 2
1 r S 4

- }
-C(c <* e D
12 o8 2 x

D

2Cx = adXy/y D) Q
- 1
4 Y

x - O + (y/n)’l’ 2

R 4

2
{ ql(clirl c‘. >

-( +*+c )}
12 ee

2¢(x + a)(ylr‘) Qb
[ ¥

x + ad? + <y/y‘>‘1’

2
s ¥

x 2
{qacoltri COO)
2

- ¢ _ +*c )}
12 ee

2(x - aXy/y >
2
+
&

x - ad? + <y/y’>’1’

Q DI 2 v
2 q 1 (ctlrz - c“ >
L4 1 rz

- ((:’.z +* c“) ]

2(x + a)(ylrz>
€

x + ad? + (ylr’)allz

Now, if

2
- +
q‘(c“rz -] .) ® c c

[ ] 12 (1]

and if

2
- +
qiccllrl cOO) - cxz c.‘

e D, 2
2 19:%% ~ S’

Yy 7,
-C(c _ <+c } CAL?D>
12 oo
CA18)>
CA.19O
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then each term in Eq (A.17) is Zero and x~direction equilib~
rium is satisfied. Uging the definitions of q and q, it

is seen that

+ c

cxz (.Y ) 1
q, - —_— - CA.20)
c ¥y -~c 9,
117 2 [.1.}
and
*+c ° 1
q = “a ¢ = I AzD
Y - ca qa
11 2 [.1 ]
or,
qq, =1 .z

If Eq (A.22) holds, then x-direction equilibrium is satisfied.

The proof is given ir Appendix B (Theorem 1).

Carrying out. the differentiation for the y-equilibrium

equation,

c u + c u +(c +*+c du =
2 y,.yy 08 Yy,xx 12 [ 1] xX,RY

r.r

c Q x - ad* = cyry Yyt
22 1 1
D
n
1" 2

(<x - o' + (y/r‘)’].




(x + &% - ayry Y217 tex - @? - SR Vo

[Cx + &% + <y/y’>")‘ Cx - & + (ylrz)zl’

[(x + ad* - y/r, )’llr’

<+
[Cx + > + (y/raﬁ’
2 2
. c“Q b _ (x ad (yly‘>
772 tcx - ad + <y/rl)zlz
x + &) - (y/rt)z x - s - (y/rz)’
re
(Cx + ad* + (ylr‘>’]. (x - ad* + (ylrz)']’
(x + & - (y/yaf
(x + ad ¢ <y/r.>’1’
3 z .t
q, (x=- a) - (ylr‘) ]lr1
Yo, ¥ G2 QD | - 2 2.2
7, {(Cx - a) + (ylr‘) ) |

tcx + ad? - cysy YWy ]
+ 3 1

(Cx + O + (ylr‘).la

L]

- (cu + coo) Q Dx

*

3 2
. [- (x - a (y/r:) ]Ir’

tex - & + cyry OH?

*

tcx + ad* - <y/rz>zllr‘}

(Cx + o ¢ (ylrz)‘l'

A-9




@D [ <x- a? - (y/r‘)z <,
® a 3,2 2 - C‘. - (cn + c..)q’
v, [(x - ad” + (ylr‘) ] v,

QD x + a° - (y/rz)2 1 (<
€

2 2.2
.7, x + ad)" + (ylr’> ] )

r g 4

- : - 2 - 2 -
Q Dx x ~ & (y/r‘) {c
1“2

tex - a>* + cyry >

- 2 2
. Q Dx x ~ & (ylrz) 1{‘:33 e
2 242 2 (1)
vy, [Cx ad)” + (y/r’) ¥ v,
- +
(c" c“)q‘} AZD

Equilibrium in the y-direction is satisfied if

c
-ﬁ-c - <€ <+ c = 0 CA24
2 o6 12 [T
r
1
and
czz
—_ = c - ¢ +c > =0 CA23>
rz (1) 12 e 1

because each term in the equilibrium equation (Eq C(A.23)) is
then identically zero.
Recalling the definiticns of q, and q,, and realizing

that 9.9, = 1,

A-10




I 22 23 Ce -tc“,)
z-cee-(c:z+cob>qa- 2 See ~
I Y‘ Y, q‘
c Ccc,_+c > ¢ -c r: cc_+c >
2z _ - 12 e _ 22 LY Y 12 e
' es 2 _ 2 c ¥ - ¢
v, 1174 ee r, 1171 (VY
2 2 2 2
l - <czz c“r‘)(c“r‘ c“) ra(caz + c“)
2 2
l rx<°urx eo)
-ccr‘*-(-cc-cz-ch)rz-cc
' - 11 o8’ 1 11 22 12 12 66 ' 3 22 66
2 2
rxccurx coo)
< 2
. c.c ry *+icc +c ( +2c Oy +c c
- - _J166"1 11 22 12 12 8 ‘1 22 oo CA26>
z(c 2 . c D
l ¥,%Ce7y e
and
c c c._ *+c
I 22 _ - _+c O = 22 _ - 12 Y
2 66 66 1 e
72 L#N 9,
l 2 2 2
- €22 _ - (cu + c..) - Caa Cee?2 <caz + c..)
2 oe 2 _ a c 2 - ¢
' 7’2 urz 1 L@ urz o0
2 2 2 2
' . (czz cwrz)(curz coo) rz<c‘z + c
2 2
rz<°urz c“)
l -c e 4+ c _-c’- »?*-c ¢
- 11 o6’ 2 11 22 12 12 o0 ‘23 22 ¢
2c, ¥* - ¢ >
O PL 4N oo
A=-11




+ + - +
- (.'.“66.73 [c <c 12 k ) © 1 1°zz)rz c23c00

ra<°ura - c00>

Thus, y-direction equilibrium is satisfied if
ccrﬂc(c-'-Zc)-cclr c = 0 CA 28>

11 oo 22 oo

which is the characteristic equation.

3. Normal Displacement. Discontinuity

Again, let u represent displacement in the x-direction
and let uy represent displacement in the y=direction. Now

consider a displacement field defined by
x - ad* + <ylrt) d
u =QbD in = 2
x Y x + & + Cy/y)d
x - 2 + (ylr
- In
x + a* + (y/r >

o =m0, {3 freanZ) - arcran(ZY)

X - X+ a
1
q’ Y’?’z Y’?’,
- — larctan - arctan|——— CA 30D
ra X~ & X+ a

with Dy = constant, and all other variables defined as in
the shear displacement. discontinuity solution.
Following the procedure above, for |x| > a, u =u = 0.

For |x|<a,ux-0and
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q, y/r, /7,
u = -QbD — 1im [arct.an[ ] - arctan[—]]
b4 b 4 Y’ y+0 X - X+ a
qQ, , Y/?’z Y’?’z
- — lim .rct..n[ ] - arctan —-]] CA3D
72 y=+0 X - x ¥+ a

The limits depend upon from which direction y = 0 is

approached.
( q, qz
- Q l)y ;—; i) - ;-: (> for y-'o.._
u =
Y 9, 1,
-QD — (= = — (- for y-+0_
\ Yy v, v,
( q‘ qz
Q Dyn ?‘ rz or y+0,
u =
7 q, 1
QDbn —_— - = for y+0_
i Yy v, Y,
( u.7, - qzra
- QD 717’ for y‘»o*
u = |
Yy
U, - %Y,
QDbn for y+0
y Y‘Yz -
L
r
1
- ;D for y-oo.._
u - 4 (A.32)
y
+ iD for y+0_
.

A=-13
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Thus, u and uy satisfy the displacement discontinuity

boundary conditions

u;- -Dy on |x| < a y=o0 CA.33>

+< ¢

u;-u =0 on |x| >a, y=o0 A3

%

The displacements u and uy must also satisfy the

equilibrium equations:

+ (¢:13 + c“) uy’xy = 0 < x> AADD

4+ c_ _+c Ju =0 Cy)d CA.16D
12 (1} WMy

c u +c u
11 x,%x o8 x,yy

c u 4+ c u
22 Yy, Yy 88 Yy,xx

Carrying out the dif“erentiation in the »x-equilibrium

equation (Eq <A.13)),

c u ¢ c u ¢ +cCc du =
11 Xx,xx 08 x,yy 12 [.1.] Y Xy

x - 8 - (ylr‘)z

ch Dy - 2 2.2
x - ad + (y/rl) ]

x + & - ¢yry O? x - & - cysy O?
+ 1 + 2
(x + ad* + (ylr‘)’]’ t(Cx - ad* + (y/r’)‘]

>+ o - (ylr’)z ]

Cx + ad? + (y/r’)’lz

x - a* - cyry 'yt
+ C“Q b -

cx - ad + (y/rt)zl’

A-14
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(Cx + ad? - (y/y‘)zllrf

t<x - o? - ‘7”’3’2””3

tex + ad? + (y/y‘f]’

tex -~ o + (y/ra)zlz

(cx + ad?

+

- /r, >‘1/y:]

[Cx + a)° + (y/yzﬁ’

fcx + ad?

+

q [ tx - ad® - (ylr‘>zllr‘

tex - ad* + <y/r‘>’1’

- Cy/y . > Jlr‘]

(Cx + &) + <y/y‘>’1’

-¢_+c >QD =
c c Q 7
+¢_+c >XQD —=
12 ee y 72
>x - & - (ylr‘)z
= Q D F ] 2.2 cl
Y jtex - ad* + Cy/y O]
[ <x + &> - Cy/y D* )
+QD ‘2 2
Y frex + ad? + cyry DK
C (x - a)° - Cy/y > 1
+QD 2
Y leex - ad® + <y >*?)
[ x + a® - (y/rz)z ]
- QD

Y ltex ¢ a>* + (ylr’)‘)‘-

<x + a)z

2 2
qz[ ) tx - a (ylrz) ]/yz

fCx - & + (y/r.)z]z

-+

- (ylrz)z llr,]

[Cx + &> + <y/rz>’1’

t } 2

0

»

[ ]

]
.Ql.
» [ ]

A-13




Note that each term is identically zero if

2 2
- - L 3
C“ c“’r 1 qlcctﬁ coo ),rl -0

2 2
clt c00lr2 q3<c12 + cOO)’rI -0

Recalling the definitions of q, and L

2 2
- - +
cli c00/r1 q1<c13 C.° >,ri. -

2 2

- - +
C1?s €ee S5, €es 12 7 See
- =0
2 c +c 2
7, 12 (1} 7y
and
e - c /rz- Cc,_ + ¢ )/rz-
11 oe ‘2 L% (1) H
2 _ 2 _ +q
117s () 1172 ¢s 12 .o
2 2 -0
+
Y2 12 oo Y,

Thus, each term in Eq (A23) iz zero, and x-direction equi~-

librium is satisfied.

Now, carrying out the differentiation for the y-

equilibrium equation (Eq <(A.18)),

&
cn“y.vv * cnuy.xx * (caz coo) ux.ny =
q 2¢x - a)(y/r‘)/r:
- c QDb — -
22 v, (Cx - ad* + (ylrt)zllz

A-16

CA.38)



alx ~ aXCy/y )lrz
- 1 1

Cx - ad* + (y/rx>a]’

2
q, 2Cx a)(y/rz )Irz
*e,Qeb >~ |- 2
yr, x - ad™ + (ylra)zllz
2¢x -~ adCy/y M1y
+ 2 2
(x - a>* + (ylrz)’]z
q 2Cx - adX<y/y >
- c QD = 1
oo yr, (x - * + (ylri)z]’
2¢x - aX<y/y >
. 1
tex - &t + cysy O
2{x =~ aX<y/y >
*Ce QD ?ﬁ 2 .
Y7 tex - o + SZ Ry

2¢x - adCy/y D
+ 2

(x - ad* + (y/r’)’)’

2¢x - a)(ylriwr1

q
+<°u+coo>QD = |- 2 2.2
vy, tx - a>® + ¢ysy >4

2(x * aXCy/y Xy 2(x - a)(ylr.)lr
-+ 1 1 + 1§
ex + ad* + <y/r‘>’1’ [x - ad* + (ylrz)’l’

2¢(x + a)(y/r‘ )lr’

(x + 2O » (ylr’fl’

A~17




2¢x - adXy/ly MyS
- QD 2 * e q - c a2
v It az s oo 1’

x - ad + (y/y‘)’
2
- +

3C(x + a)(ylr‘)lr: .
-QDv[ €229 7 e

x + > + (yhf‘)‘l’ ¢ 11

2
- (C“ + c..”t}

2cx - aXCy/r, )/y: .
- QD c - G td
Y lrex - ad® + (y,r.>z]z 22%s oo %a?s

s
- (c” + coo”a}

acx + aXCy/y, >/r;

2
*e DY [[(x + % - (y/r’ )’J’] {cuq’ c“q'r‘

2
- (cu + c..»’} CA . 40D

Equilibrium in the y-direction is satisfied if

2 2
0,9, = C,,q,7;, - <o, + 6 v, =0 CA.41>
2 2
- - < o
€% T CeeR?2 T Cp * Ceedr, = © CA.42>
A-18
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since each term in the equilibrium equation (Eq (A.40> would

then be zero. Recalling the definitions of q, and q,,

c. . q - c qrz-(c 4-¢:°°>r:-

2271 ee 171 12
¢ = c¢ rz)q-(c + cC )rz
22 ee’ 1" 1 12 o8 ‘1
2
2 %1171 7 See 2
= (c - y -<C _ +*+c Xy
22 ee’1 12 (Y
c_+*c
12 (1)
1 2 2 3 2
- ¢ ~c yXc ryr —c >=-C_ <+*+c v
22 ee’1” 111 e 12 e 1
[+ 4+ c
13 [ 1]
q 2
c c y #+lc ¢c_+2c d)-c c Yy +c_c
- - 114 668 12 12 (.1 } 1 22 " & 22 oo
c_ +c
12 (1)

r -
- Cc -c 2, 112 °8 _ ¢c +c)rz
22 ee’2 12 (Y
c_ <+c
12 (Y
1 2 2 2 2
- cczz - coorzxcurz - °oo) - <°zz + °oo) Y2
c_+*+c
12 o
cc y*+tc ¢c +2c )—cclrzﬁcc
- 11%e? s 18 13 o 11 23’2 22 oe
€2 + Coe
A
A~19




Thus, y=direction equilibrium is satisfied if
ccrﬂc(c+2c )-cc]r-o-cc = 0 A28

11 oo L1 J

which, again, is the characteristic equation.

4. Combined Shear and Normal Displacement. Discontinuities

Since the material is assumed to be linearly elastic,
the displacements resulting from one set of boundary
conditions may be added to those resulting from another set
to provide the solution to a problem involving both sets of
boundary conditions. Therefore, the displacements for

combined shear and normal displacement discontinuities are

“=+aD {_ [ xvir.] ) ylr ]]
- 2 [ xv:r:] _ m[xv:r:]]}

x - a) + y/r ) 172
+ep {m

x + a? + (ylr‘>z
x - a2 + cysy XAV
- In . 2 - CA4%>
x + 2> + (y/r.)

Q > - 8 + cyry X
u = ¢ D in 1
4 ry * x + o & (ylr‘)’

1% s
x - > * (y/r’) il
- In 2 2
x ¢+ &) + (yl:'z)
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~ap, {3 [arcean(fE) - arcran(ZY]
- :_: [arct.an[x"i”z] - arcm[;i—ri-]]} CA.46>

3. Coordinate Transformation to Obtain the General Solution

If the crack iz not aligned with the x~axis, the
displacements may be determined by coordinate
transformation. For a crack aligned with the X, ¥ system,
transformation into the x, y (material) system involves the

following relationships:

x = Rcos 8-y sin g CA. 47D
y=X=in g+ 9y cos g A48
ux-uicosa-uysina CA 49
uy-u,_‘ainai-uvcocﬁ CAS0>

where £ is the rotation angle measured counterclockwise from
the x~axis to the N-axis.
Carrying out the transformation on the form of

the logarithm functions used in the displacement equatiuns,

In & + /7’1 = 1n (W% + B%y + c y'r? CAS1)

A = (r: cos® g + sin® g / y: ASD

B = - rf> sin 28 / r: CAB3)

c,‘-q«f sin® £ + coe’ p)/y: AB4>
A-21
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leads to using

1/2

[A,Gi -+ B -9 +CY
ln L 3 v L Y

A G+ a? + B Gt + &OF + ciy’

Although at first it would appear that the form of the

arctangent. function should be

ylr_‘ 1t Xeinpg+ycomp

arcten[ — ] = arcten[ — ] s

x r,‘ﬁco.ﬂ-ycinﬂ

this would imply that the crack lies along the x—axis
instead of along the X~axis. To account for this, the form
of the arctangent function used is
w(y,‘ag
[ % + iBy/A ]

Thus, the following arctangent expressions are appropriate:

[ Vl(r_‘Ai') )
arct.an
1
| (R -~ &> ¢ ;BtylA‘ J
r VaorAd> )
arctean
| <& + &> + 2B Y/A_ |
s 19

The limits as ¥ approaches zero are readily seen to be the
same as before when y approached zZero. Making these

substitutions ylelds




{ q, ¥/Cr A >
u = +QbD -_— arctan
x *1 72 X - D+ inlsw‘1
$/<y A D
- arctan 1 1
R+ ad+ intyn\‘

9, y/<r A >
Y, X - a>+ 3B y/A
A 2 2 2

[ ¥/ Cr A0

= arctan

X + &>+ 1B y/A ] }
2 2 2

A - a + B® - 2y + ¢ ¥
+ QD Inj-2 1 :
AR+ ' +B®R+a+CY

2 1/2
) ]n[Az(R o + B - 0y +C, }

AR + a* + B (% + &OF + czy’

0 Ak - a° + B® - )y + ¢ 7
u - 4 D in 1 } 1
y Yr, * Alm+o’+alm+oy+c19’
[Acx-.>’+a<u-.>y+cv’"’}
- In 2 2 2

ALK+ at «+ B,R + &F + czy’

q, $/<r A D
-QD —_ arctan
Y17, R - &>+ i':’”‘;

9/(7‘A‘)
- arctan
R+ 2>+ i‘ﬂ";

3 [ 2]
LA :

R - a)+ B WA
s 8 ]

$/<r A >
- u-c'..n[ = A
R + o>+ in.ym.
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By making the following definitions,

¥/7¢<y A D )
® (r > = arctan M CA58>
* X - &> + 3B y/A | .
2\ +
¥/<y A D> 3
6,y > = arctan : : CA.59>
v X + a> + “BY/A |
2 v
rG - [ A - o +3x - Y + c_‘yz]"’ CA.60>
raD - [ A+ & + BXE+ ¥+ c,‘y’] v CA61)

the equations can be written in a more compact form:

u =+QD [ :—’ [etcy) - O.(r‘)] -4 [Ot(r.) - o‘q«.)]]

2 x . ’,'_‘
r ) r(r)
‘QDY In ”(—-—’? - l‘(r) CA 82>
ql
u =-QD r—[O<r> e<r>]--[o<r> e<y>]

r(r) r(r)
r(r) - In r(r) CA 6D

Since the displacement discontinuities of interest are

l)ﬁ and Dv, the above expressions are transformed using

Dx-DgcoeB-Dysina (A B4
Dyibisinﬁ#byco.p CA B3
A-24




The result is

- _: [91(’3) - o’<73>]] cos £

o
rl

r @, ) r‘(rz) ]
oy o[ 255 ) - w25 ) |
r‘(r‘) r’(rz) 7
+ Q Di In I‘-T)’—s - In m sin £ CA 66D
21 22"

[ r(r) r(r) ]
uy--.- [ Oo.ﬁ

o

q
1
QD [-— [Ol(r‘) ezcyg]

(61(72) - 93(?‘3>]]¢10 8

Y7,

‘(I“&

[o, o0 - ozcrg]]oo- 6

q
1

q’
P [oic;? - e‘q?]]-m g CAST)
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These equations are also valid if the origin of the X, §
system is located at <°x’°y> with respect to the x, y

system. In that case, the X, § coordinates are defined by

R-(x-cx)cosﬁ*(y-cy)sinﬁ CA68)

7--(x-cx)sinp¢(y-cy)cocﬁ CA.69)

8. Stresses for the General Solution

The stresses are determined from the stress—strain

relationships:

( ) r 1 ( 3

o c c 0 u
xx 11 13 x,x

L B4 } = c c o 1 u 1 <A.14D
v 13 22 Yy
T 0 ] Q u + u

L XY L ¢ J L x-v Yex

and the coordinate transformation relationships:

o o o
y ~Ss Ccos B ] (=in 2 » CA. 70D
w" = oin > 59 + Ccow B> 3; A7D>
These are combined to yield
. = ¢,c0" £ uu'“ - c“cln F- ] ux’v
+ c“ctn I} uy = + c,,co. 8 “y,y A7
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4 = ¢c cog Bu_-c sin g u _
Yy 12 x,X 12 x,Y

+ czz-in 8 uy = + c,,co® 8 uys CA.73

T = ¢ sin u + c cos u
xy [ Y. 8 x,% (.13 P x,y

+c cos Bu_=-c sinpgu _ CA.74)
1) v (1) vy

With the definitions of ux and uy above, we determine the

following partial derivatives:

(4 o
*=® .9 &x %
a o

m@qq in(e,cr))

ln[r‘(ri)/rz(rt)] - 'O_R
o
ln(r(r)] gh’(}"]

2
r
2

2
[
o

* [rt(ri)/rz(ri)] %

These are readily obtained as

¥/r A,
3;. 6> = - - ‘z‘ ~ CA.TB>
K - a + ;Bi’Y/A,‘) + (ylr,‘Ai) :
Ty A
2 Y/ A,
ﬁ Oz(r,‘) = 2 CA.76D

1 2
R + &+ IBYA DI+ Py AD

° (% - aXyA.
» o> 3‘ h = AT
1o ®-a+ in,‘ym_g + Gy A
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x + a)lrtAi

o
ay s ‘i + ipg 2 2
XK + a zB,‘y/A,‘) + (9,76.Ai)

A®-a>+ipy
1 9 2

In [r1(r,‘)] -

Ao

ACR - ad + B (X - &) + c.‘yz

A+a>+iBy
v a

in [rz(rt)] -

Ao

A(R¢a>a+8t<}2+a>9+c,‘92

Spm-a>+Cy
2 t

in [ri(r,‘)] -

Yo

AG - &+ B - 2§ +CY

B +ad +CY
2 v L

in [rz(rt)] -

Ao

Aa+.>’¢s,‘<ﬁ+.>9+c,‘7’

But, from Theorem 2 in Appendix B,

1 2 2
 + &+ IBY/AD + Wy AD>

-A®: at + BCX t &)f + c.‘;"
So the derivatives of 91 and 9: can be written

¥/r.

AR - a? 4+ B (R - ¥ + civ’

o
;O3 -

y/r.

A.‘csz-u.)‘ +a,‘<n+.>9+c,‘9‘

o
x L2 -

= - a)/r_‘

o
Oy d>m +
% AR - ot + B (R - 29 + c,‘y’

CA T8

CA. 792

(A8

B.14>

CA.83)

CA B4

CA. 83D




(.4

x + .)/r,‘

P2 6,2 =+

AR + a + B (X + )y + C.j’

Thus, we can define the following terms:

(4

R, " -&[e’(y,) - ezc"?]

o
Rzi. - -ﬁ[et(ri) Oz(ri)]

Vi/r.‘

AR - ad? + B
13 1 9

e

X - Oy + c_‘vz

/v,

AR+ a® B (% + &)F + cty’

X - a)/rt

A - a + B.C(R - 2y + <:,‘7z

x + a)/r,‘

A‘(x+a)z+ai<§i+a>y'¢c¢7'

o
R._‘ - % ln[rz(rt)/rz(r?]

AiGZ - a

1
2 i

AR - a’ + B X - a9 + c.‘vz

1
A G+ e +3BY

AR+ ad + B (X + & + cﬁy’

A=29

<A.88>




]
R“ - .0_9. ln[ri(ri)lrz(r,‘)]

Bk -a2) +CY
2t +

A - ad + B (X - &¥ + ciy‘

1
3Bt<§ +a + c.‘y

AR + a? e BC(R + &OF + c,‘y’

Now, with Egs CA.66) and (A.67) we have

»n,5% r’ 11

q

v, u

+ Q Dy[R“- R“]oo- 8+ Q l)g ..R”- R”].ln 8

y -qo_[‘ig

n,¥ xly 81

q"n g-QD
- — cos B - -
a rt” 14

+ Q DV[R«- R“]eoc g +Q DR

-9
Dg [Rn- Rn]"” A

V& rarz

[q

r a1
“a

bRu- R“]cln e

o, [5, ®.Jein &

CA. 90>

9, q, a 9
u -QD;—R-;—Ruoo-B-QDV—-R-?Rndnﬂ
1 1

CA91D

q
2 - 1
-— R Y—, R”]-in B

CA. 9D

q, q, q, Q.R
-QDV;—R“-;—Raeo.ﬁ-QDg;—‘Rn;’-u-tna

1 ]

rr

- _Q - -
u e Dﬁ [R“ R“]eoc 8 -

vy v, 2

D q‘k q’k
Qv)_'; z:?z'zzco'a

Q -
D, [R“ R“]-tn -]

ql q’
QD {— R - — R
® }" 21 r’ 22

A9

[

CA. 94
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-]

q
S’-—lku-—z-ltu
Yy L

partial derivatives become

.= Q Distcos e - Q Dvszsin g *+Q Dy(Rn- R”)coo 8

= Q bgs‘cos 8- Q Dyszsin B+ Q Dy(R“" R“)cos B

o

DR(Rsx- R”)coa p -

*
*

- Q Dvs.cos g~ Q nﬁs'sm 8

- 2 - -
- D§<R« R‘zhoc 8

- Q ngs‘cos 8~ Q oﬁs‘m 8

+ Q Dﬁ(R“- Rn»in 8

+ Q DECR“- R‘z)aln 8

(R_- R J=in 8
31

(R“- R‘zMn -]

A9

<A 98>

Using the stress-strain relationships (Eq (A.14)) results in




Y ) & N ah A B B B

l

o

(-4
Yy

T

ny

- +
= c_cos B u"'i c“sin B8 uu' cusin e “ya

»

+
5 c“cos 8 uy

-Qbi[Sc oo-zp-Sc sin g coe B8

9
1 11 2 1%
2
S.cusin B8 S‘cusin 8 cos B

+ (R“- R”)Cc“i‘ c lr‘rzhin g cos B

12
2 2
(R“ R‘2>(c”dn B8 c,,co® I Iy‘r‘)]

2

- Q D? [Szcnctn g cos B S’cud.n -4
2

+ S.cucin 8 coes B + S‘cucoc e

2 2
(R" R”)(c“eo. r- cu.in 8 Irtr’)

+ (R“- R“)«:”ﬁ- cu/rirz)sin g cosm p] CA. 99
- cnm f- u = cncin 8 u,‘.,’7 cn.in e uy 2 cnao. e uy.?
2
= Q I’)g [S‘c“ooc e S‘cndn g coe B

- S.c:“tlmz 8 - s‘ca-m £ cos B

+ (R”- R”)(cu'l'ﬂcnlr‘r’)ain g cos B

- R R«x"nmz e - °u°°.z P vy s’]
-aep, [sic“-m g cos g - Sc _sin’ B

+ Sc_sin g cos g + S.c cos B

2 2
(R.‘ R”)(c“ooc e c”dn F-] lr’ra>

9

+ (R“- R“)«:“-O- cnlr’r‘Mn f cos 3] CA 100>
= c”sin - ux.ﬁ + C, ,Co* -] ux,y + C, ¢ COF 8 u’h;i - c"sin 8 uy
2
- Q Dﬁc“ [Slcin g cos g + Sacoc e

- Ssin g cos B + s‘-m‘ B
+ R - R >sin® g + cos’ B Iy
+ (R“- R“>(i - ilr‘r‘Mn £ oos p]
- Q D, [s‘-m’ £ + S sin g cos P+ S’oocz B
- S‘cin g cos p- (R”- R”)(l - Ur‘r’)dn g cos B8

2 2
(R“ R“>(co¢ 8 * wn p ,7173>] CA. 101D
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As can be meen from the definitions of the Ri.i,. in Eqgs
C(A.87)> through (A.90), the stresses tend to zero as the
distance from the origin tends to infinity. Thus, the final

boundary condition of zero stress at infinity is satisfied.
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Appendix B: Proofs

Theorem 1. QOGiven the material constants ¢ , ¢ , ¢c , C
—_— 11’ T12’ T22’ Tee

71»?’3‘“"
crz-c c z-c
Q= 111 es q:_ urz ee
1
o] + c c + C
12 se 12 (Y}

then 99, = 1.

Proof:

Using the definitions of q, and q, leads to

2 Y 2
<°urx Cee X<e 1172 Cee >

q q -
1 <c + c )3
12 e

Define
& = lc c_ - c (¢ +c, ))2-4cccz
11 22 12 12 11 32 ee’

Then, from the characteristic equation:

ccr*[c(c 4-2c>-cclr-0-cc = 0

11 6o 12 11 22 22 eoe
we have
c ¢ =-c¢ (C + 2¢c D) é
2 11 22 12 12 ee
,,’ - -
ac c ac c
11 6o 11 ee
B-1

:B.1

3.2

<B.3>

B4
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cc =c C +2c L)
2 11 22 12 12 LY
rz - <+
2c cC a8c ¢
11 ee 11 e
So,‘
c ¢c =-c¢ C + 2¢c > - 2c é
2 11 22 12 12 oo oo
r - - -
111 oe
(Y 6o
and
c c =-c¢ C + 2c > - Zcz é
2 11 22 12 12 LY e
Yy - c - +
11 2 e
o ee
Therefore,
2 2
(c“rt c“)<c“rz c“> -
2 42

c C -~-¢c ¢ + 2c ) -2c
11 22 12 12 es
2c

[[cc -c ¢ +2¢c >~
11 22 12 12 ee

1
- lc ¢ -c (¢ + 2c ):|z
42 11 22 12 12 o6

<
(1]

o
ﬂ

ac* P - &
(1

.

|

- CB.5BD>

(B.6>

<B.7>

=

2 Py 2
2.’(2<:.°>(¢:u¢:33 c‘z<c“ + 3c.°)l + 4¢:.‘ & ]
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1
2 2 2 2
= lc ¢~ c (c + 2c - +
4t‘:z 11 22 12 12 oe)] 4cn‘:zzcoo “uCoe
ee
3 4
L] + 4c¢ - [¢ - +
12 ee (Y t uczz cn(cn c“>lz
+ 4 c c cz ]
11 22 ee

1 2 2 » <
- 4c ¢ c + 4c

2 12 68 12 6o (13

4c

ee

2 2
-

12 12 ee ee

2

= (c +c D

Thus,
Cc rz - ¢ _Xc rz -c dmc_+*+c >* (B.8>
1171 L1 112 L7 12 (¥
and
Cc yz - ¢ _Xc rz -c ) ¢ +c )z
1171 LY 11°2 e 12 (1)
99, * 2 - 2 ®.9
<c._+c D ¢+ c D
12 o6 12 o6
Therefore, qlq2 = 4, o
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Theorem 2. Given the material constants Yo ¥y the
measured angle £, and the half-crack length a, and defining
the parameters

A -(r:co.zﬁi'.inzB)Ir:

B -(i-r:)-inzﬁlr:

C. = G sin® g+ cos® B>/ ¥}
then

1
% + a + zB_‘wAif + twcyia,‘n’

- (ARt a® + B + a>F + c.‘v;‘w\_‘
where X, ¥ are the local coordinates.
Proof:

Expanding the binomial,

1
+ @ = <
X * a zatylAi.lz II?/(;'i'A\_‘):I2
= (K t .)z+ Qi"i.)(ﬁ t ady + 57 (B,‘IA_‘)z + YzIQ',‘A,‘)z

-t a4 B/AIR t 2OF + tcfnf + uy:ua'w"
Using the definition of Bt:
2 2 2 2
B =a-7>ein28/y=m2-7)einpgocosp’y <B.10>

leads to




<faf + uyf)/Af - [ - rf)’ sin’ 8 cos’ g + rfyr:Af

[cinz 8 cce® 8 - 2)': sin’® 8 cosz 8

1
*r:“nza°°"5+r:]4z
rA
[.m’aco-’a-zrf-m’aco.’a+r:mzpeo-’a
2 2 2 1
+r,‘(s!.n g + cos a)]‘z
riAi
[sinzﬁcosza-rf sinzacosza -r: stnzﬁcoszﬂ
- 2 2 2 ., 2 2 2 1
+r,‘ sin” £ cos a*y,‘dn B+rioo- 9]4:
Y A
ot L . Y
[r:atn’aco.’p-rr:un’a-r:.m’peo.’a
2 2 2 2 2 2 2 1
+r,‘cos ﬂ-r,‘s:ln g cos” B + sin B cos ﬁ]‘z
Y. A,
v 4
[r: -1n23coczﬁ+rfcinza<i-oooz 8>
2 2 2 2 2 1
+r,‘co- 8 1 - sin” B> + sin £ cos ﬁ]‘A’
Y A
) .
[r: sin? 8 cos® 8+ r:cln‘ g * r:coc‘ y-
a 1
+-1nzaooc8 <3
rt‘t
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1
= [ (r,’ sin® 8+ cos? B)(r,’c:os3 8 * sin? 8> ] <3
i i A’
L . Y
Thus,
8% + 1/y%/A% =
4 v L v
2 2 2 2 2 2 1
[ (ri sin g8 + cos 3)(76'@0. 8 + sn ] rovs
7. A
L . Y
Using the definition of A_‘ leads to
1.2 2 2 2 2 2 2 1
- < —
(‘B,‘ + Uri)/Ai - [ (r,‘ sin £ cos B r,‘A,‘ ] ‘Az
ri i
¥> =in® g + cos’ B
- M 2 >
riAi.

while using the definition of G‘ leads to
AB? + 1/3%/4% = C/A..
4 1 v 1 3 1 3
Thus=,

i 2 2
X £t a + .BiYIAil + tyl(riAi)]

-t ad e BIAIR t 2OF + <c.‘/A_‘>y’.

Therefore, [X + a + iBiVIA_‘Jz + 19/ ADT

- AR ¢ PO B (R t &> + cty‘:m‘.

(B.11)>

3B.13>

<B.14>




Appendix C: Program TWODD

NOTE: The information in this appendix is taken directly from
Crouch and Starfield (Reference 7) with only slight modification.

1. Input (Data) Deck

Program TWODD requires the following six sets of cards:

Set 1:

Set 2:

Set 3:

Set 4:

Free FORMAT; one card must be given (may be blank).
Columns 1-80 of this card contain any desired information to
identify the problem being solved.

FORMAT (314); one card must be given to specify the following
control parameters.

NUMBS = number of straight line boundary segments (each
containing at least one boundary element) used to
define boundary contours.

NUMOS = number of other line segments (not on a boundary)
along which displacements, stresses, and stress
intensity factors are to be computed.

1 no symmetry conditions imposed.

2 x=XSYM (Card 3) is a line of symmetry.

3 y=YSYM (Card 3) is a line of symmetry.

4 x=XSYM and y=YSYM (Card 3) are lines of symmetry.

KSYM =

FORMAT (F6.2,E11.4,2F12.4); one card must be given to define the
elastic constants and specify the locations of lines of symmetry
(if any).

PR = Poisson's ratio (v).

E = Young's modulus (E).
XSYM = location of line of symmetry parallel to y-axis (XSYM
is ignored if KSYM = 1 or 3 on Card 2).
YSYM = location of line of symmetry parallel to x-axis (YSYM

is ignored if KSYM = 2 or 4 on Card 2).

FORMAT (3E11.4); one card must be given to define the initial
stresses (if any) in the region of interest.
PXX = L at infinity.

PYY = aw at infinity.
PXY = 'ruy at infinity.
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Set 5:

Set 6:

FORMAT (14,4F12.4,14,2E11.4); NUMBS cards must be given to

define the locations and boundary conditions of the boundary
elements.

NUM

XBEG
YBEG
XEND
YEND

KODE

BVS
BVN

number of equally spaced boundary elements along a
straight line segment, all elements having the same
boundary conditions.

x-coordinate of beginning of line segment.
y-coordinate of beginning of line segment.
x-coordinate of end of line segment.
y-coordinate of end of line segment.

1l o and ¢ prescribed.
2 u: and u: prescribed.
3 u_ and o, prescribed.
4 o, and u orescribed.

resultant shear stress (a.) or displacemsent (u').
resultant normal stress (a.) or displacement (u.).

FORMAT (4F12.4,214); NUMOS cards must be given to define
locations of points inside the region of interest vhere
displacements, stresses, and stress intensity factors are to be

computed.

XBEG
YBEG
XEND
YEND
NUMPB

KTYPE

x-coordinate of first point on line.

y-coordipate of first point on line.

x-coordinate of last point on line.

y-coordinate of last point on line.

number of equally spaced points between the specified
first and last points.

0 compute displacements and stresses only.
1 compute stress intensity factors as well.

Note: If KTYPE=l, (XBEG,YBEG) must be the location of
a crack tip, and the line defined by (XEND,YEND) must
extend in the direction of the crack in order for the
computed stress intensity factors to have any meaning.

c-2
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Program TWODD Listing

80
85
90
95
100

PROGRAM TWODD

COMMON/S1/P1,PR,PR1,PR2,CON, CONS
COMMON/S2/8XX8, SXXN, SYYS, SYYN, SXYS, SXYN,UXS, UXN, UYS, UYN
COMMON/S3/C(1600,1600),B(1600),D(1600)

DIMENSION X(800),YM(800),A(800),COSBET(800),SINBET(800),K0D(800)
DIMENSION TITLE(20)

OPEN (UNIT=5,FILE="'TWODD.DAT',STATUS='0LD"')
OPEN (UNIT=6,FILE='TWODD.LIS',STATUS='NEW')
READ (5,1) (TITLE(I),I=1,20)

WRITE (6,2) (TITLE(I),I=1,20)

READ (5,3) NUMBS,NUMOS,KSYM

READ (5,4) PR,E,XSYM,YSYM

READ (5,5) PXX,PYY,PXY

WRITE (6,6) NUMBS,NUMOS

GO TO (80,85,90,95),KsYM

WRITE (6,7)

GO TO 100

WRITE (6,8) XSYM

GO TO 100

WRITE (6,9) YSYM

GO TO 100 '

WRITE (6,10) XSYM,YSYM

CONTINUE
WRITE (6,11) PR,E
WRITE (6,12) PXX,PYY,PXY

PI=4.*ATAN(1.)
CON=1./(4.*PI*(1.-PR))
CONS=E/ (1.+PR)
PR1=1.-2.*PR
PR2=2.%(1.-PR)

DEFINE LOCATIONS, SI1ZES, ORIENTATIONS AND BOUNDARY CONDITIONS OF
BOUNDARY ELEMENTS.

NUMBE=0

DO 110 N=1,NUMBS

READ (5,14) NUM, XBEG, YBEG, XEND, YEND, KODE, BVS, BVN
XD=( XEND-XBEG ) /MM

YD=( YEND-YBEG ) /NUM

SW=SQRT ( XD*XD+YD*YD)

DO 110 NE=1,NUM
NUMBE=NUMBE + 1
M=NUMBE




110

115

aaa

120

130

140
150

aaoaaq

XM(M)=XBEG+0, 5% (2, *NE-1. ) *XD
YM(M)=YBEG+0.5%(2.*NE-1.)*YD
A(M)=0.5%*sW

SINBET(M)=YD/SW
COSBET (M) =XD/SW

KOD(M)=KODE

MN=2*M

MS=MN-1

B(MS)=BVS

B(MN)=BVN

WRITE (6,13)

DO 115 M=1,NUMBE

SIZE=2.*A(M)

ANGLE=180.*ATANZ (SINBET (M) , COSBET (M) ) /P1

WRITE (6,15) M,KOD(M),XM(M),YM(M),SIZE, ANGLE,B(2*M-1),B(2*M)
CONTINUE

ADJUST STRESS BOUNDARY VALUES TO ACCOUNT FUR INITIAL STRESSES.

DO 150 N=1,NUMBE

NN=2*N

NS=NN-1

COSB=COSBET(N)

SINB=SINBET(N)

S1GS=(PYY-PXX) *SINB*COSB+PXY* (COSB*COSB-SINB*SINB)
SIGN=PXX*SINB*SINB-2. *PXY*SINB*COSB+PYY*COSB*C0SB
GO0 TO (120,150,130,140),KOD(N)

B(NS)=B(NS)-SIGS

B(NN)=B(NN)-81GN

GO TO 150

B(NN)=B(NN)-SIGN

G0 TO 150

B(NS)=B(NS)-SI1GS

CONTINUVE

COMPUTE INFLUENCE COEFFICIENTS AND SET UP SYSTEM OF ALGEBRAIC
BQUATIONS.

DO 300 I=1,NUMBE
IN=2%]

1S=IN-1

XI=XM(I)

YI=YM(I)
CQOSBI=COSBET(1)
SINBI=SINBET(I)
KODE=KOD(I)

DO 300 J=1,NUMBE
JN=2%J
J8=JN-1
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210

220

230

240

250

260

270

280

CALL INITL

XJ=XM(J)

YJ=YM(J)

COSBJ=COSBET(J)

SINBJ=SINBET(J)

AJ=A(J)

CALL COEFF(XI,YI,XJ,YJ,AJ,COSBJ,SINBJ,+1)
G0 TO (240,210,220,230),KSYM

XJ=2 . *XSYM-XM(J)
CA[L m(XI,YI'XJ,YJ’N’WN’-SIW’-l)
GO TO 240 .

YJ=2.*¥YSYM-YM(J)
CALL COEFF(XI,YI,XJ,YJ,AJ,-COSBJ,SINBJ,~1)
GO TO 240

XJ=2.*XSYM-XM(J)

CALL COEFF(XI,YI,XJ,YJ,AJ,COSBJ,-SINBJ,-1)

XJ=XM(J)

YJ=2.*YSYM-YM(J)

CALL COEFF(XI,YI,XJ,YJ,AJ,-COSBJ,SINBJ,-1)

XJ=2. *XSYM-XM(J)

CALL COEFF(XI,YI,XJ,YJ,AJ,-COSBJ,-SINBJ,+1)

CONTINUE

G0 TO (250,260,270,280),KODE

C(18,J8)=(SYYS-8XXS ) *SINBI *COSBI +8XY8* (COSBI *COSBI-SINBI *SINBI )
C(1S,JN)=(SYYN-S)XXN ) *SINBI*COSBI +SXYN* (COSBI *COSBI-SINBI *SINBI )
C(IN,J8)=8XXS*SINBI *SINBI-2 . *SXYS*SINBI *COSBI +SYYS*C08BI *COSBI

C(IN,JN)=SXXN*SINBI*SINBI-2 . *SXYN*SINBI *COSBI +SYYN*COSBI *COSBI
GO TO 300

C(18,J8)=UX8*COBBI+UYS*SINB1
C(18,JIN)=sUXN®*COSBI +UYN*SINBI
C(IN,J8)=-UX8*SINBI +UYS*COSBI
C(IN,JN)=-UXN*SINBI +UYN*COSBI
GO TO 300

C(18,J8)=UXS*COSBI+UYS*SINBI

C(18,JN)=UXN*COSBI +UYN*SINBI
C(IN,JS)=8XXS*SINBI*SINBI-2.*SXYS*SINBI *COSBI +5§YYS*COSBI *COSBI
C(IN,JIN)=SXXN*SINBI*SINBI-2.*SXYN*SINBI *COSBI +SYYN*COSBI *COSBI
GO TO 300

C(18,J8)=(SYYS~8XXS ) *SINBI *COSBI +8XYS* (COSB1 *COSBI-SINBI*SINBI )
C(18,JN)=(SYYN-SXXN)*SINBI *COSBI +SXYN* (COSBI*COSBI -SINBI *SINBI )
C(IN,J8)=-UXS*SINBI +UYS*COSBI
C(IN,JN)=-UXN®*SINBI +UYN*COSBI
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CONTINUE

SOLVE SYSTEM OF ALGEBRAIC EQUATIONS.

N=2*NUMBE
CALL SOLVE(N)

COMPUTE BOUNDARY DISPLACEMENTS AND STRESSES.

WRITE (6,16)

DO 600 I=1,NUMBE
IN=2%*]

IS=IN-1

XI=XM(1)
YI=YM(I)
COSBI=COSEET(I)
SINBI=SINBET(I)

UXNEG=0 .
UYNEG=0.
SIGXX=PXX
SIGYY=PYY
SIGXY=PXY

DO 570 J=1,NUMBE

JIN=2%J

JS=JN-1

CALL INITL

XJ=XM(J)

YJ=YM(J)

AJ=A(J)

COSBJ=COSBET(J)
SINBJ=SINBET(J)

CALL COEFF(XI,YI,XJ,YJ,AJ,COSBJ,SINBJ,+1)
GO TO (540,510,520,530) ,KSYM

XJ=2.*XSYM-XM(J)
CALL COEFF(XI,YI,XJ,YJ,AJ,COBBJ,~SINBJ,-1)
GO TO 540

YJ=2, *YSYM-YM(J)
CALL COEFF(XI,YI,XJ,YJ,AJ,-COSBJ,SINBJ,-1)
GO TO 540

XJ=2, *XSYM-XM(J)
CALL COEFF(XI,YI,XJ,YJ,AJ,CO8BJ,-SINBJ,~-1)
XJI=XM(J)

YJ=2, 8YSYM-YM(J)
CALL OOBFF(X1,YI1,XJ,YJ,AJ,-COSBJ,SINBJ,-1)
XJ=2, *XSYM=XM(J) '

CALL COEFF(XI,YI,XJ,YJ,AJ,-COSBJ,~SINBJ,+1)
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CONTINUE

UXNEG=UXNEG+UXS*D (JS ) HUXN*D(JN)
UYNEG=UYNRGHJYS*D(JS ) +UYN*D(JN)
SIQX=SIGXX+SXXS®D(JS ) +SONTD(JIN)
SIGYY=SIGYY+SYYS®*D(JS)+SYYN*D(JN)
SIGXY=SIGXY+5XYS*D(JS ) +SXYN*D(JN)

CONTINUE

USNEG=UXNEG*COSBI +UYNEG*SINB1

UNNEG=-UXNEG*SINBI +UYNEG*COSBI

USPOS=USNEG-D(18)

UNPOS=UNNEG—-D( IN)

UXPOS=USPOS *COSBI ~-UNPOS*SINBI

UYPOS=USPOS*S1INBI H+UNPOS*COSBI

S1GS=(SIGYY-SIGXX) *SINBI #C08BI +SIGXY* (COSBI *COBBI -SINBI*SINBI )
SIGN=SIGXX*SINBI *SINBI-2. *SIGXY*SINBI *C0SBI +S1GYY*COSBI *COSBI

WRITE (6,17) I,D(18),USNEG,USPOS,D(IN),UNNEG, UNPOS, UXNEG, UYNEG,

1 UXPOS, UYPOS, S1GB, SIGN

CONTINUE

COMPUTE DISPLACEMENTS AND STRESSES AT SPECIFIED POINTS IN BODY.

IF (MMOS.LE.O0) GO TO 900
NPOINT=0

DO 900 N=1,NUMOS

READ (5,19) XBEG, YBEG, XEND, YEND, NMPB,KTYPE
IF (KTYPE.EQ.0) WRITE (6,22)

IF (KTYPE.EQ.1) WRITE (6,18)
NORMP=NUMPE+1

DELX= ( XEND-XHEG) /NMP

DEL Y= ( YEND-YBEG)/NMP

IF (NUMPB.GT.0) NUMP=NAP+L

IF (DELX**2+DELY**2.EQ.0.) NUMP=]

ANGLE=ATANZ ( YEND-YBEG, XEND-XBEG)

DO 890 NI=1,NNP
XP=XBEG+ (NI-1)*DELX
YP=YBEG+(NI~1)*DELY

UX=0.
Uy=0.
SIGX=PXX
SIGYY=PYY
SIGXY=PXY
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DO 880 J=1,NUMBE
JIN=2%J

JS=JN-1

CALL INITL
XJ=XM(J)
YJ=YM(J)

A=A(J)

IF (SQRT( (XP-XJ)**2+(YP-YJ)**2).LT.2.*AJ) GO TO 890

IF (KTYPE.BEQ.1) R=SQRT((XP-XBEG)*(XP-XBEG) +( YP-YBEG) * ( YP-YBEG) )

COSBJ=COSEET (J)

SINBJ=SINBET(J)

CALL COEFF(XP,YP,XJ,YJ,AJ,CO8BJ,SINBJ,+1)
GO TO (840,810,820,830),KSYM

XJ=2 . *XSYM-XM(J)
CALL COEFF(XP,YP,XJ,YJ,AJ,COSBJ,-SINBJ,-1)
G0 TO 840

YJ=2.%YSYM-YM(J)
CALL COEFF(XP,YP,XJ,YJ,AJ,-COSBJ,SINBJ,-1)
GO TO 840

XJ=2. *XSYM-XM(J)

CALL COEFF(XP,YP,XJ,YJ,AJ,COSBJ,~SINBJ,-1)

AI=XM(J)

YJ=2. XYSYM-YM(J)

CALL COEFF(XP,YP,XJ,YJ,AJ,-COSBJ,SINBJ,-1)

XJ=2. *XSYM=-XM(J)

CALL COUEFF(XP,YP,XJ,YJ,AJ,-COSBJ, -SINBJ, +1)

CONTINUE

UX=UX+UXS*D(J8) +UXN*D(JN)
UY=UY+UYS%D(JS ) +UYN®D(JIN)
SIGXX=SIGXX+8XX8*D(J8 ) +SXOMN*D(JN)
SIGYY=SIGYY+SYYS*D(J8)+SYYN*D(JN)
SIGXY=SIGXY+8XYS*D(J8) +SXYN*D(JN)

CONTINUE

NPOINT=NPOINT+1

IF (KTYPE.EQ.1) GO TO 885

WRITE (6,20) NPOINT,XP,YP,UX,UY,SIGXX,8IGYY,S8I1GXY
GO TO 890

RAD=SQRT( (SIGXX-8IGYY)*(8SIGXX~-SIGYY)/4.+81GXY*SIGXY)
ANG=PI -ATAN2(-2.*8IGXY, S8IGXX~-SIGYY)~-2.*ANGLE
81G2=(81GXX+81GYY)/2. +RAD*CO8 (ANG)
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SIG12=-RAD*SIN(ANG)

SIF1=SQRT(2.*PI1*R)*S1G2

SIF2=SQRT(2.*PI*R)*SIGl2

WRITE (6,20) NPOINT,XP,YP,UX,UY,S1GXX,51GYY,S1GXY,SIF1,8IF2

890 CONTINUE
900 CONTINUE
FORMAT STATEMENTS.

1 FORMAT (20A4)

2 FORMAT (1H1,/,25X,20A4,/)

3 FORMAT (314)

4 FORMAT (F6.2,Ell1.4,2F12.4)

S FORMAT (3Ell.4)

6 FORMAT (/,109H NUMBER OF STRAIGHT-LINE SBGMENTS (EAMCH CONTAINING A
1T LEAST ONE BOUNDARY ELEMENT) USED TO DEFINE BOUNDARIES =,13,//,12
23H NUMBER OF STRAIGHT-LINE SEGMENTS USED TO SPECIFY OTHER LOCATION
38 (I.E., NOT ON A BOUNDARY) WHERE RESULTS ARE TO BE FOUND =,13)

7 FORMAT (/,32H NO SYMMETRY CONDITIONS IMPOSED. )

8 FORMAT (/,18H THE LINE X = X8 =,F12.4,23H I8 A LINE OF SYMETRY.)

9 FORMAT (/,18H THE LINE Y = Y8 =,F12.4,23H 18 A LINE OF SYMi€TRY.)

10 FORMAT (/,19H THE LINES X = XX =,F12.4,13H AND Y = Y8 =,F12.4,

1 23H ARE LINES OF SYMMETRY.)

11 FORMAT (/,18H POISSON'S RATIO =,F6.2,//,18H YOUNG'S MODULUS =,Ell.
14)

12 FORMAT (/,31H XX-COMPONENT OF F1ELD STRESS =,El1.4,//,31H YY-COMPO
INENT OF FIELD STRESS =,Ell.4,//,31H XY-COMPONENT OF FIELD STRESS =
2,E11.4)

13 FORMAT (1H1,/,27H BOUNDARY ELEMENT DATA.,//,96H ELEMENT K
10DE X (CENTER) Y (CENTER) LENGTH ANGLE US OR SIGMA-B
2 UN OR SIGMA-N,/) )

14 FORMAT (14,4F12.4,14,2E11.4)

15 FORMAT (219,3F12.4,F12.2,2E15.4)

16 FORMAT (1H1,/,66H DISPLACEMENTS AND STRESSES AT MIDPOINTS OF B
1OUNDARY ELEMENTS.,//,40H ELEMENT Ds us(-) US(+),
2 60H DN UN(-) UN(+) ux(-) UY(-) Ux(+),
3 30H UY(+) SIGMA-8 SIGMA-N,/)

17 FORMAT (110,10F10.6,2F10.1)

18 FORMAT (1H1,/,63H DISPLACEMENTS AND STRESSES AT SPECIFIED POINT

18 IN THE BODY.,//,117H POINT X CO-ORD Y CO-ORD )
2X ) 4 816X SIGYY 81GXY K1
3 KII,/)

19 FORMAT (4F12.4,214)

20 FORMAT (19,2F12.4,2F12.6,5F12.1)

22 FORMAT (1H1,/,63H DISPLACEMENTS AND STRESSES AT SPECIFIED POINT
18 IN THE BODY.,//,93H POINT X CO-ORD Y CO-ORD X
2 5) 4 SIGXX S1GYY SIGXY,/)

CLOSE (5)




CLOSE (6)
END
SUBROUTINE INITL

COMMON/82/8XXS , SXXN, SYYS, SYYN, SXYS, SXYN, UXS, UXN, UYS, UYN

SXXS=0.
SXXN=0.
SYYS=0.
SYYN=0.
SXYS=0.
SXYN=0.

UXs=0.
UXN=0.
UYs=0.
UYN=0.

RETURN
END
SUBROUTINE CCEFF(X,Y,CX,CY,A,Q0SB, SINB,MSYM)

COMMON/81/P1 , PR, PR1,PR2, CON, CONS
COMMON/S2/8XX8 , 8XXN, SYYS, SYYN, 8XYS, SXYN,UXS, UXN, UYS , UYN

C052B=COEB*COSB~SINB*SINB
SIN2B=2.*SINB*COSB
C0SB2=C08B*C06B
SINB2=SINB*SINB

XB=(X~CX) *COSB+(Y~CY ) *SINB
YB=-( X-CX ) *SINB+( Y~CY ) *C0SB

R18=(XB-A)*(XB-A)+YB*YB
R2S=(XB+A)*(XB+A) +YB*YB
FL1=0.5%ALOG(R1S)
FL2=0.5*ALOG(R28)
FB2=CON* (FL1-FL2)
IF (YB.NE.O.) GO TO 10
FB3=0.
IF (ABS(XB).LT.A) FB3=CON*PI
GO 10 20
10 FB3=-CON*(ATAN( (XB+A)/YB)-ATAN( (XB~-A)/YB))
20 FB4=CON*(YB/R18-YB/R2S)
FBS5=CON*( (XB-A) /R18-(XB+A)/R28)
FB6=CON* ( ( (XB-A)**2-YB*YB)/R18#%2-( (XB+A) **2-YB*YB) /R28%*2)
FB7=2.*CON*YB*( (XB~A) /R18%*#2~ (XB+A) /R28**2)

UXD8=-PR1*SINB*FB2+PR2*COSB*FBJ3+YB* ( SINB*FB4-COSB*FB5)

UXDN=-PR1*COSB*FB2-PR2*SINB*FB3-YB* (COSB*FB4+SINB*FBS)
UYDB=PR1*COSB*FB2+PR2*SINB*FB3-YB* (COSB*FB4+SINB*FB5)
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UYDN=-PR1*SINB*FB2+PR2*COSB*FB3-YB* ( SINB*FB4-COSB*FBS )

SXXDS=CONS* ( 2 . *COSB2*FB4+SIN2B*FB5+YB* (COS2B*FB6-SIN2B*FB7) )
SXXDN=CONS* ( ~FBS+YB* ( SIN2B*FB6+C0S2B*FB7) )

SYYDS=CONS*® ( 2. *SINB2*FB4-SIN2B*FB5-YB* (COS2B*FB6-SIN2B*FB7) )
SYYDN=CONS* ( ~FBS-YB* ( SIN2B*FB6 +COS2B*FB7 ) )

SXYDS=CONS* ( SIN2B*FB4-COS 2B*FBS+YB* (SIN2B*FB6+COS2B*FB7 ) )
SXYDN=CONS* (-YB* (COS2B*FB6-SIN2B*FB7))

UXS=UXS+MSYM*UXDS
UXN=UXN+UXDN
UYS=UYS+MSYM*UYDS
UYN=UYN+UYDN

SXAS=8XAS+MSYM*SXXDS
SXOMN=8)XXN+SXXDN
SYYS=SYYS+MSYM*SYYDS
SYYN=SYYN+SYYDN
SXYS=5XYS+MBYM®SXYDS
SXYN=SXYN+SXYDN

RETURN
SUBROUTINE SOLVE(N)

COMMON/83/A(1600,1600) ,B(1600) ,X(1600)

NB=N-1

DO 20 J=1,NB

L=J+l

DO 20 JJ=L,N

XM=A(JJ,J)/A(J,d)

DO 10 I=J,N
10 A(JJ,1)=A(33,1)-A(J,1)*XM
20 B(JJ)=B(JJ)~-B(J)*XM

X(N)=B(N)/A(N,N)
DO 40 J=),NB
JJI=N=-J
L=JJ+1
SUM=0.
DO 30 I=L,N
30 SUM=SUM+A(JJ,I)*X(1)
40 X(JJ)=(B(JJ)-8UM)/A(IJ,JJ)
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Appendix D: Program TWODDO

NOTE: Most of the information in this appendix is taken directly
from Crouch and Starfield (Reference 7) vwith only slight modification.

1. Input (Data) Deck
Program TWODDO requires the following six sets of cards:

Set 1: Free FORMAT; one card must be given (may be blank).
Columns 1-80 of this card contain any desired information to
identify the problem being solwved.

Set 2: FORMAT (314); one card must be given to specify the following
control parameters.

NUMBS = number of straight line boundary segments (each
containing at least one boundary element) used to
define boundary contours.

NUMOS = number of other line segments (not on a boundary)
along wvhich displacements, stresses, and stress
intensity factors are to be computed.

1 no symmetry conditions imposed.
KSYM = 2 x=XSYM (Card 3) is a line of symmetry.
3 y=YSYM (Card 3) is a line of symmetry.
R 4 x=XSYM and y=YSYM (Card 3) are lines of symmetry.

Set 3: FORMAT (3El1l.4,F6.2,2F12.4); one card must be given to define
the elastic constants and specify the locations of lines of
sysmetry (if any).

Ell = Young's modulus in x-direction (Bx).

E22 = Young's modulus in y-direction (By).
Gl2 = Shear modulus for xy-direction (G").
Vi2 = Poisson's ratio for xy-direction (v").

XSYM = location of line of symmetry parallel to y-axis (XSYM
is ignored 1f KSYM = 1 or 3 on Caxd 2).

YSYM = location of line of symmetry parallel to x-axis (YSYM
is ignored 1f KSYM = 2 or 4 on Card 2).

Set 4: FORMAT (3Ell.4); one card must be given to define the initial
stresses (if any) in the region of interest.
PXX = L. at infinity.

PYY = aw at infinity.
PXY = r" at infinity.

D~1
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set 5:

Set 6:

FORMAT (14,4F12.4,14,2E11.4); NUMBS cards must be given to
define the locations and boundary conditions of the boundary

elements.
NUM =

XBEG
YBEG
XEND
YEND

KODE =

BVS =
BVN =

number of equally spaced boundary elements along a
straight line segment, all elements having the same
boundary conditions.

x-coordinate of beginning of line segment.
y-coordinate of beginning of line segment.
x-coordinate of end of line segment.

y-coordinate of end of line segment.

1l o and o prescribed.
2 u” and u” prescribed.
3 u® and o" prescribed.
4 ov: and u” prescribed.

resultant shear stress (o") or displacement (u’).
resultant normal stress (o) or displacement (u).

3 39

FORMAT (4F12.4,214); NUMOS cards must be given to define

locations

of points inside the reqgion of interest vhere

displacements, stresses, and stress intensity factors are to be

computed.

(s =

x-coordinate of first point on line.

y-coordinate of first point on line.

x-coordinate of last point on line.

y-coordinate of last point on line.

number of equally spaced points between the specified
first and last points.

0 compute dlspiace-ents and stresses only.
1 compute stress intensity factors as well.

Note: If KTYPE=]1, (XBHG,YEEG) must be the location of
a crack tip, and the line defined by (XEND,YEND) must
extend in the direction of the crack in order for the
computed stress intensity factors to have any msaning.
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Program TWODDO Listing

80
85
90
95
100

PROGRAM TWODDO

COMMON/S1/P1,CON1,CON2,Gl1,G2,C11,C22,C12,G12
COMMON/S2/8XXS, SXXN, SYYS, SYYN, 8XYS, SXYN, UXS, UXN, UYS, UYN
OOMMON/83/C(1600,1600) ,B(1600),D(1600)

DIMENSION XM(800),YM(800),A(800),COSBET(800),SINBET(800),K0D(800)
DIMENSION TITLE(20)

OPEN (UNIT=S,FILE='TWODDO.DAT', STATUS='0OLD' )
OPEN (UNIT=6,FILE='TWODDO.LIS',STATUS='NEW')
READ (5,1) (TITLE(1),1=1,20)

WRITE (6,2) (TITLE(I),I=1,20)

READ (5,3) NUMBS,NUMOS,KSYM

READ (5,4) El11,E22,G12,V12,XSYM,YSYM

READ (5,5) PXX,PYY,PXY

WRITE (6,6) NUMBS,NUMOS

GO TO (80,85,90,95),KSYM

WRITE (6,7)

GO TO 100

WRITE (6,8) XSYM

GO TO 100

WRITE (6,9) YSYM

GO TO 100 .
WRITE (6,10) XSYM,YSYM

CONTINUE
WRITE (6,12) PXX,PYY,PXY

PI=4.*ATAN(1.)

OON=1.-V12*V12%E22/El1l

CON1=E11%*G12
CON2=V12¥E22*(V12%E22/C0N+2.%*G12)-E11*E22/C0N
CON3=E22%G12

G1=8QRT( (~CON2+8SQRT (CON2®CON2-4 . *OON1*CON3) ) /2./CON1)
G2=890RT( (~CON2-8QRT (CON2*CON2-4 . *CON1*CON3) ) /2./CON1)
Cl1=El1l/CON

C22=E22/CON

Cl12=V12#C22 ‘
CON1=(C11*G1*G1-G12)/(Cl24G12)
CON2=G1%*G2/2./P1/(CON1#*G2-G1/CON1)

DEFINE LOCATIONS, 8IZES, ORIENTATIONS AND BOUNDARY CONDITIONS OF
BOUNDARY ELFMENTS.

NUMBE=0

DO 110 N=1,NUMBS

READ (5,14) NUM,XBEG, YBEG, XEND, YEND,KODE, BVS,, BVN
XD= ( XEND—XBEG ) /NUM




YD=( YEND-YBEG) /NUM
SW=8SQRT ( XD*XD+YD*YD)

DO 110 NE=1,NUM
NUMBE=NUMEE +1
M=NUMBE
XM(M)=XBEG+0.5%(2.*NE-1. ) *XD
YM(M)=YBEG+0.5%(2.*NE-1. ) *YD
A(M)=0,5%sW
SINBET(M)=YD/SW
COSBET (M) =XD/SW
KOD(M)=KODE
MN=2*M
MS=MN-1
B(MS)=BVS

110 B(MN)=BVN

WRITE (6,13)

DO 115 M=1,NUMBE

S1ZE=2.*A(M)

ANLE=]80.*ATAN2 (SINBET(M) ,COSHET (M) ) /P1

WRITE (6,15) M,KOD(M),XM(M),YM(M),S1ZE, ANGLE, B(2*M-1),B(2*M)
115 CONTINUE

3

o
C ADJUST STRESS BOUNDARY VALUES TO ACOOUNT FOR INITIAL STRESSES.
Cc

DO 150 N=1,NUMBE
NN=2*N
NS=NN-1
COSB=COSBET(N)
SINB=SINBET(N)
81G8=(PYY-PXX) *SINB*COSB+PXY* (COSB*COSB-SINB*SINB)
SIGN=PXX*SINB*SINB-2. *PXY*S INB*COSB+PYY*COSB*C0SB
GO0 TO (120,150,130,140),K0D(N)
120 B(NS)=B(NS)-S1G8
B(NN)=B(NN)-8IGN
GO TO 150
130 B(NN)=B(NN)-SIGN
G0 TO 150
140 B(N8)=B(N8)-81GS
150 CONTINUE

COMPUTE INFLUENCE COEFFICIENTS AND SET UP SYSTEM OF ALGEBRAIC
BOQUATIONS. .

aaaan

DO 300 I=1,NUMBE
IN=2*]

I18sIN-1

XI=XM(1)

YI=YM(I)
COBBI=COBBET(1)
SINBI=SINBET(I1)




210

220

230

c
240

Cc
250

260

270

Cc
280

KODE=KOD(1)

DO 300 J=1,NUMBE

IN=2%J

JS=IN-1

CALL INITL

XJ=XM(J)

YI=YM(J)

COSBJ=COSBET(J)
SINBJ=SINBET(J)

AJ=A(J)

CALL COEFF(XI,YI,XJ,YJ,AJ,COSBJ,SINBJ,+1)
G0 TO (240,210,220,230),KSYM

XJ=2 . *XSYM-XM(J)
CALL COEFF(XI,YI,XJ,YJ,AJ,COSBJ,-SINBJ,-1)
GO TO 240

YJ=2.*YSYM-YM(J) .
CALL COEFF(XI,YI,XJ,YJ,AJ,~C0SBJ,SINBJ,-1)
GO TO 240

XJ=2, ¥*XSYM-XM(J)

CALL COEFF(XI,YI,XJ,YJ,AJ,COSBJ,-SINBJ,-1)
XJ=XM(J)

YJ=2.*YSYM-YM(J)

CALL COEFF(XI,YI,XJ,YJ,AJ,~COSBJ,SINBJ,-1)
XJ=2. *XSYM-XM(J)

CALL COEFF(XI,YI,XJ,YJ,AJ,-CO8BJ,~SINBJ,+1)

CONTINUE
G0 10 (250,260,270,280),KO0E

C(18,J8)=(8YY8~-8XXS ) *SINBI *COSBI +8XY8* (C0SBI *C08BI ~-SINBI *SINBI )
C(I8,JN)=(SYYN-SXXN) *SINBI *COSBI +SXYN* (COSBI *COSBI-SINBI*SINBI )
C(IN,J8)=8XXS*SINBI *SINBI-2 . *SXYS*SINBI *COSBI +§YYS*COSBI *COSBI
C(IN,JN)=SXXN*SINBI *SINBI-2.*SXYN*SINBI *COSBI +SYYN*COSBI *C0SBI
GO TO 300

C(18,J8)=UXS*CO8BI1 +UYS*SINBI
C(18,JN)=UXN*COSBI +UYN*SINBL
C(IN,J8)=~UX8*3INBI +UYS*COSBI
C(IN,JN)=-UXN*SINBI +UYN*COSBI
GO TO 300

C(18,J8)=UXS*COSBI +UYS*SINBI

C(18,JN)=sUXN®*COSBI +UYN*SINBI

C(IN,J8)=8XX8*SINBI *SINBI-2. *SXYS*SINBI *COSBI +8YYS*COSBI *COSBI
C(IN,JN)=SXXN*SINBI *SINBI-2.*SXYN*SINBI *C0SBI +SYYN®COSBI *COSB1L
GO TO 300

C(18,J8)=(8YY8~-8XXS8 ) *SINBI *COSBI +8XY8* ( COSBI *COSBI1 ~SINBI *SINBI )
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C(IS,JN)=(SYYN-SXXN)*SINBI *COSBI +SXYN* (COSBI *COSBI -SINBI*SINBI )

C(IN,JS)=-UXS*SINBI +UYS*COSBI
C(IN,JN)=-UXN*SINBI +UYN*COSBI

CONTINUE
SOLVE SYSTEM OF ALGEBRAIC EQUATIONS.

N=2*NUMBE
CALL SOLVE(N)

COMPUTE BOUNDARY DISPLACEMENTS AND STRESSES.

WRITE (6,16)

DO 600 I=1,NUMBE
IN=2%]

IS=IN-1

XI=XM(I)
YI=YM(I)
COSBI=COSBET(1)
SINBI=SINBET(1I)

UXNEG=0.

UYNEG=0.

SIGXX=PXX

SIGYY=PYY '
S1GXY=PXY

DO 570 J=1,NUMBE

JN=2%J

J8=JN-1

CALL INITL

XJI=XM(J)

YI=YM(J)

AJ=A(J)

COSBJ=COSBET(J)
SINBJ=SINBET(J)

CALL COEFF(XI,YI,XJ,YJ,AJ,COSBJ,SINBJ,+1)
GO TO (540,510,520,530) ,KSYM

XJ=2, *XSYM-XM(J)
CALL COEFF(XI,YI,XJ,YJ,AJ,COSBJ,~SINBJ,~1)
GO TO 540

YJ=2,.¥YSYM-YM(J) -
CALL COEFF(XI,YI,XJ,YJ,AJ,-COSBJ,SINBJ,-1)
GO TO 540

XJ=2, *XSYM-XM(J)

CALL COEFF(XI,YI,XJ,YJ,AJ,C08BJ,-SINBJ,-1)
XJ=XM(J)

YJ=2,*YSYM-YM(J)
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CALL COEFF(XI,YI,XJ,YJ,AJ,-COSBJ,SINBJ,~-1)
XJ=2 . *XSYM~-XM(J)
CALL COEFF(XI,YI,XJ,YJ,AJ,-COSBJ,~SINBJ,+1)

540 CONTINUE

UXNEG=UXNEGHUXS*D(J8 ) +UXN*D(JN)
UYNEG=UYNEGHUYS®D(JS ) HUYN®*D (JN)
SIGXX=8IGXX+SXXS*D(JS ) +8XXN*D(JIN)
SIGYY=SIGYY+SYYS®*D(JS)+SYYN*D(JN)
SIGXY=SIGXY+SXYS*D(JS ) +SXYN*D(JIN)

570 CONTINUE

USNEG=UXNEG*COSB1 +UYNEG*SINBI

UNNEG=~UXNEG*S I NBI +UYNEG*COSBI

USPOS=USNEG-D(18)

UNPOS=UNNEG-D( IN)

UXPOS=USPOS*COSBI -UNPOS*SINBI

UYPOS=USPOS*SINBI +UNPOS*COSBL

SIG8=(SIGYY-SIGXX) *SINBI *COSBI +S1GXY* (COSBI *COSBI -SINBI*SINBI )
SIGN=SIGXX*SINBI*SINBI-2.*SIGXY*SINBI *COSBI +S1GYY®*C0SBI *C0SBI

WRITE (6,17) I,D(18),USNEG,USPOS,D(IN), UNNEG, UNPOS, XNEG, UYNEG,
1 UXPOS, UYPOS, 8IGS, SIGN

.

600 CONTINUE
COMPUTE DISPLACEMENTS AND STRESSES AT SPECIFIED POINTS IN BODY.

IF (MMOS.LE.O0) GO TO 900
NPOINT=0

DO 900 N=1,NUMOS

READ (5,19) XBEG, YBEG, XEND, YEND, NMPB,KTYPE
IF (KTYPE.BEQ.0) WRITE (6,22)

IF (KTYPE.EQ.1l) WRITE (6,18)
NUMP=NUMPB+1

DELX= ( XEND-XBEG) /NMP

DELY= ( YEND-YBEG) /NUMP

IF (NOMPB.GT.0) NAP=NAP+1

IF (DELX**2+DELY**2.EQ.0.) NUMP=1

ANGLE=ATAN2 ( YEND~-YBEG, XEND-XBEG)

DO 890 NI=1,NP
XP=XBRG+ (NI-1) *DELX
YPs=YBRG+ (NI-1)*DELY

UX=0.
UY=0,
SI(=PXX
SIGYY=PYY
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SI1GXY=PXY

DO 880 J=1,NUMBE
JIN=2%J

JS=JIN-1

CALL INiTL
XJ=XM(J)
YJI=YM(J)

AJ=A(J)

IF (SQRT((XP-XJ)**2+(YP-YJ)**2).LT.2.*AJ) GO TO 890
IF (KTYPE.BQ.1l) R=SQRT((XP-XBEG)*(XP-XBEG)+(YP~YBEG)*(YP-YBEG))

COSBJ=COSBET(J)

SINBJ=SINBET(J)

CALL COEFF(XP,YP,XJ,YJ,AJ,COSBJ,SINBJ,+1)
GO0 TO (840,810,820,830),K5YM

810 XJ=2.*XSYM-XM(J)
CALL COEFF(XP,YP,XJ,YJ,AJ,COSBJ,-5INBJ,-1)
GO TO 840

820 YJ=2.*YSYM-YM(J)
CALL COEFF(XP,YP,XJ,YJ,AN,~COSBJ,S8INBJ,~1)
G0 TO 840

830 XJ=2.*XSYM-XM(J) .
CALL COEFF(XP,YP,XJ,YJ,AJ,C08BJ,-8INBJ,~-1)
XJ=XM(J)
YJ=2 , *YSYM-YM(J)
CALL COEFF(XP,YP,XJ,YJ,AJ,-COSBJ,SINBJ,-1)
XJ=2 . *XSYM-XM(J)
CALL COEFF(XP,YP,XJ,YJ,AJ,-CO8BJ,-SINBJ,+1)

840 CONTINUVE

UX=UX+UXS2D(J8 ) HUXN®*D(JIN)
UY=UY+UYS*D(JS ) +UYN*D(JN)
SIGXX=8IGXX+8XXS*D(J8 ) +SXXN*D(JIN)
SIGYY=81GYY+8YYS*D(J8)+SYYN*D(JN)
B1GXY=51GXY+EXYS*D(J8) +6XYN*D(JIN)

880 CONTINUE

NPOINT=NPOINT+1
IP (KTYPE.EQ.1) GO TO 885
WRITE (6,20) NPOINT,XP,YP,UX,UY,S81GXX,SIGYY,SIGXY
GO TO 890

885 RAD=SQRT( (SIGXX-SIGYY)*(SIGX~SIGYY)/4.+8IGXY*8I1GXY)
ANG=PI-ATAN2(-2.*81GXY,SIGXX-8IGYY) -2 . *ANGLE
81G2=(8IGXX+8IGYY) /2. +RAD*CD8 (ANG)
8IG12=-RAD*SIN(ANG)
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SIF1=8QRT(2.*PI*R)*S1G2
SIF2=80RT(2.*PI*R)*SI1G12
WRITE (6,20) NPOINT,XP,YP,UX,UY,SIGXX, SIGYY,81GXY,SIF1,8IF2

890 CONTINUE

900 CONTINUE
FORMAT STATEMENTS.

1 FORMAT (20A4)

2 FORMAT (1H1,/,25X,20A4,/)

3 FORMAT (314) ‘

4 FORMAT (3Ell1.4,F6.2,2F12.4)

5 FORMAT (3Ell.4) :

6 FORMAT (/,109H NUMBER OF STRAIGHT-LINE SEGMENTS (EACH CONTAINING A
1T LEAST ONE BOUNDARY ELEMENT) USED TO DEFINE BOUNDARIES =,13,//,12
23H MMBER OF STRAIGHT-LINE SEGMENTS USED TO SPECIFY OTHER LOCATION
38 (I.E., NOT ON A BOUNDARY) WHERE RESULTS ARE TO BE FOUND =,13)

7 FORMAT (/,32H NO SYMMETRY CONDITIONS IMPOSED.)

8 FORMAT (/,18H THE LINE X = XS =,F12.4,234 I8 A LINE OF SYMMETRY.)

9 FORMAT (/,18H THE LINE Y = Y8 =,F12.4,23H 18 A LINE OF SYMETRY.)

10 FORMAT (/,19H THE LINES X = X8 =,F12.4,13H AND ¥ = Y8 =,Fl12.4,

1 23H ARE LINES OF SYMMETRY.)

11 FORMAT (/,14H MODULUS EXX =,Ell.4,/,14H MODULUS EYY =,El1.4,/,14H
‘IMODULUS GXY =,El1l1.4,//,20H POISSON RATIO VXY =,F6.2)

12 FORMAT (/,31H XX-COMPONENT OF FIRLD STRESS =,Ell1.4,//,31H YY-OOMPO
INENT OF FIELD STRESS =,Ell.4,//,31H XY-OCOMPONENT OF FIBLD STRESS =
2,El11.4)

13 FORMAT (1H1,/,27H BOUNDARY ELEMENT DATA.,//,96H ELRMENT K
100E X (CENTER) Y (CENTER) LENGTH ANGLE US OR SIGMA-8
2 UN OR SIGMA-N,/)

14 FORMAT (I4,4F12.4,14,2E11.4)

15 FORMAT (219,3F12.4,F12.2,2E15.4)

16 FORMAT (1H1,/,66H DISPLACEMENTS AND STRESSES AT MIDPOINTS OF B
10UNDARY ELEMENTS.,//,40H ELRMENT D8 us(-) Us(+),
2 60H DN UN(-) UN(+) ux(-) uY(-) Ux(+),
3 304 UY(+) SIGMA-8 SIGMA-N,/)

17 FORMAT (I110,10F10.6,2F10.1)

18 FORMAT (1H1,/,63H DISPLACEMENTS AND STRESSES AT SPECIFIED POINT

18 IN THE BODY.,//,11TH POINT X CO-ORD Y CO-ORD U
2X 5) 4 81GXX 81GYY 81GXY K1
3 KI1L,/)

19 FORMAT (4F12.4,214)
22 FORMAT (1H1,/,63H DISPLACEMENTS AND STRESSES AT SPECIFIED POINT

18 IN THE BODY.,//,93H POINT X CO-ORD Y OO-ORD ux
2 uY 81GXX 81GYY 81GXY,/)
CLOBE (5)
CLOSE (6)
END
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SUBROUTINE INITL

OCOMMON/82/8SXXS, 8XXN, SYYS, SYYN, 8XYS, SXYN, UXS, UXN, UYS8, UYN

5XXS=0.
SXON=0.
8SYYS=0.
SYYN=Q.
8XYS=0.
SXYN=0,

UXS=0.
UXN=0.
UYS=0.
UYN=0.

RETURN
END
SUBROUTINE COOEFF(X,Y,CX,CY,A,Q0SB,SINB,MSYM)

COoMMON/S1/P1,CON1,CON2,G1,G2,C11,C22,C12,066
COMMON/52/5XXS , SXXN, EYYS , SYYN, SXYS, SXYN, UXS , UXN,UYS , UYN

C082B=COSB*COSB-SINB*SINB
SIN2B=2.*SINB*COSB
COSB2=COSB*C08B
SINB2=SINB*SINB

~ XB=(X-CX)*C0D8B+(Y-CY)*SINB
YB=-(X~CX) *SINB+( Y-CY ) *C0OSB

Al=(G1*G12C0EB2+8INB2)/G1/Gl
A2=(G22G2*C0SB2+8INB2)/G2/G2
Bl=(1.-G1*Gl)*SIN2B/Gl/G1
B2=(1.-G2*G2)*8IN2B/G2/G2
Cl=({G1*Q1*SINB2+C08B2)/G1/Gl
C2=(G2*G2*SINB2+C0BB2)/G2/G2
R181=A1*(XB~A)*(XB-A)+B1%(XB-A) *YB+C1*YB*YD
R182=A2%* (XB~A) *(XB-A) +B2%* ( XB-A ) *YB+C2*YB*YB
R281=A1%(XB+A)*(XB+A ) +B1* (XB+A ) *YB+C1*YB*YB
R282=A2% (XB+A ) ® (XB+A) +B2% (XB+A ) *'YB+C2*YB*YB
IF (YB.NE.O.) GO TO 10

FB1=0.

FB2=0.

IF (ABS(XB).GT.A) GO TO 20

FBl=-P]

FB2=-P1

G0 TO 20

10 FB1=ATANZ(YB/Gl/Al, XB~A+B1*YB/Al/2. )-ATAN2 (YB/Gl/Al, XB+A+B1*YB/AL/

12.)

FB2=ATAN2(YB/G2/A2, XB~-A+B2%YB/A2/2. )-ATAN2 (YB/G2/A2, XB+A+B2*YB/A2/
12.)
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20 FB3=(ALOG(R181/R281))/2.

FB4=(ALOG(R182/R282))/2.

Rl1=-YB/Gl/R181+YB/Gl/R281

R12=-YB/G2/R182+YB/G2/R282
R21=(XB-A)/Gl/R181-(XB+A)/G1l/R281
R22=(XB~-A)/G2/R182-(XB+A)/G2/R282
R31=(A1®*(XB-A)+B1l*YB/2.)/R181-(Al*(XB+A)+B1*YB/2. )/R281
R32=(A2%(XB-A)+B2*YB/2.)/R182~(A2* (XB+A) +B2*YB/2. ) /R282
R41=(B1*(XB-A)/2.4C1*YB)/R1S1-(B1*(XB+A)/2.+C1*YB)/R281
R42=(B2%(XB-A)/2.4C2*YB)/R182-(B2%(XB+A)/2.4C2%YB) /R282
FBS=R11/CON1/G2-R12*CON1/Gl

FB6=R21/C0N1/G2-R22*CON1/G1

FB7=R11*CON1/G1-R12/C0N1/G2

FB8=R21*CON1/G1-R22/C0ON1/G2

UXDS=+CON2* (COSB* (FB1/CON1/G2-FB2*CON1/Gl ) +SINB* (FB3-FB4) )
UXDN=-CON2* (SINB* (FB1/CON1/G2-FB2*CON1/Gl ) -COSB* (FB3-FB4) )
UYDS=+OON2* (COSB/Gl/G2* (FB3-FB4 ) ~S1NB* (FB1*CON1/G1-FB2/CON1/G2) )
UYDN=-CON2* (SINB/G1/G2* (FB3-FB4 ) +COSB* (FB1*CON1/G1-FB2/CON1/G2) )

SXXDS=4+CON2% (C11*C0SB* ( COSB*FB5-8INB*FB6 ) -C12*SINB* ( SINB*FB7+COSB*
1FB8)+(C11+C12/Gl/G2) *SINB*COSB* (R31-R32) -(Cl1*SINB2-C12*C08B2/G1/G
22)*(R41-R42))

SXXDN=-CON2* (C11#81NB* (COSB*FB5-8INB*FB6 ) +C1 22C08B* ( SINB*FB7+C0OSD*
1FB8)-(C11*C0OSB2-C12*SINB2/G1/G2)* (R31-R32) +(C11+C12/G1/G2) *SINB*CO
2SB*(R41-R42))

SYYD8=4+OON2® (C12*C0SB* (COBB*FB5—-8INB*FB6 ) -C22%*SINB* ( SINB*FB7+00SB*
1FB8)+(C12+C22/G1l/G2)*SINB*CO8B* (R31-R32) - (C12*8INB2-C22*C08B2/G1/G
22)%(R41-R42))

SYYDN=-CON2* (C12*3INB* (COSB*FB5-8INB*FB6 ) +C22*C08B* ( SINB*FB7+C08B*
1FB8) - (C12*C08B2-C22*SINB2/G1/G2) * (R31-R32) +(C12+C22/G1/G2) *SINB*CO
25B*(R41-R42))

SXYD8=+OON2%C66* ( SINB*COSB* (FRS5—FB7 ) +COSB2*FB6+SINB2*FB8+( SINB24C0
18B2/G1/G2)*(R31-R32)+SINB*COSB®*(1.-1./G1/G2)®(R41-R42))

SXYDN=-CON2*C66* ( SINB2*FB5+C08B2*FB7+81NB*COSB* (FB6-FBS8 ) ~-SINB*COEB
1*(1.-1./G1/G2)*(R31-R32)-(COBB2+8INB2/G1/G2)*(R41-R42))

UXS=UXS+MBYM*UXDS
UXN=UXN+UXDN
UYS=UYS+MBYM*UYDS
UYN=UYN+UYDN

SXX8=8XXS+MBYM*S)XDS
SXON=8)OMN+8X(DN
SYYS=8YYS+MSYM*SYYDS
SYYN=SYYN+SYYDN
8XYS=8XYS+MBYM*SXYDS
SXYN=SXYN+SXYDN

END
SUBROUTINE SOLVE(N)
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10
20

30
40

COMMON/83/A(1600,1600) ,B(1600) ,X(1600)

NB=N-1

DO 20 J=1,NB

L=J+1

DO 20 JJ=L,N
XM=A(JJ,J)/A(J,J)

DO 10 I=J,N
A(JJ,I)=A(JJ,1)-A(J,1)* XM
B(JJ)=B(JJ)-B(J)* )X

X(N)=B(N)/A(N,N)

DO 40 J=1,NB

JJI=N-J

L=JJ+1

S=0.

DO 30 I=L,N
SUM=SUM+A (JJ, 1) *X(1)
X(JJ)=(B(JJ)-5UM)/A(IJ,3T)
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